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TEACHER'S COMMENTARY

NATHEMATICS THROUGIH SCLIENCE

s Forewornrd

; The units described in,thils Jeacher's Commentary are the result
cee b L of a summer's .work by a wrlting team of flfteen competent mathe- e
: ' maticlans and scientistls who spent the summer of 1963 working on
Lthis proJect under the directlon of the School Mathemaltlcs Study
‘ Group. This team explored the possibllity of developing svome of
/ th% baslc concepts of mathematlics #rrough slmple, but signifdcant,
i . physical scilence experimentg. The purpose of ﬁhe entlre project,
/ both the wyiting of the teaching material and 1its experimental use
H in a limited number of centers over the country, 1s to see S AR |
learning and understanding of mathematics can be 1mproved by the !
usé'of“fﬁ@gé“UﬂitB‘:n*mathematicséc}&aﬂeﬁjngpadesmMJ:QAkwm;nhmwmw;_N"“m_uu
Tt 1s emphasized{that the units are to be used in the mathe- . '
l* jmatics classroom and that they are primaﬂily designed po teach
+ mathematical concepts rather than these of sclence. 'Iﬁ 1S'Lrue«
» * ythat the procedures and pringiples of scilence included are sound -
and correct within the fram k in which they are uged.:,The
ie£5er1énce in stlence whiche::3 student will gain from Qhégstua}
iof these units will no doubt be useful in subsequent courses 1n
the physical sciences, but the mailn purposes of the units aré'to

‘teach mathematics. _

o The eompositlon of the writing team and the procedures used
}n deveioping the units are significant. "The team was composed
of sében mathematiclians (three college tedbhe?s and fbur.high

 school teachers), five physicists (two college teachers, two"high
 achool teachers and one industrial physicist ), two chemists. (both.
'high'school téﬁcherﬂ)_and a coordinator of the team, from a state
department of education. Some 9f the high school tefchers have
taught 1in more than one fleld, but they are 1listed here in their.
main field of ‘interest and training. . —_—
' The 1ndividual units or blocks of unitg'were produced by g
. smaller groupa'ﬁorkihg_dodﬁeratively to pegtorm the experiments *ﬁ
and write theh. In all\caseq these smalllwriting teams -conslsted
of representatiyes from ‘both scignée and mathematics and of both .

' college teachers and high:school teachers. In this way it was L

posaible-tbltéke advanﬁgge'of thelr knowledge and experlence at . . .-

e

.:.- .
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both levels. A collepge mathepallelan served as edltor ot Lhe whole
serYes of unlts, but preliminary drafts were read and eplticlzed
by members of the entlire wrlitling team, ‘ '
Previous knowledge of' sclence on the part ot the students or -
teachers 1s not necessary, though some knowledge 1n this rleld
will be uselul.. The experlmental ’px_'occghn'c s clearly descrlibed;
11sts ol needed equlpment and a klt of uppuruthu will be supplled.
The experiments will involve basle measurements ot length, mass,
time and temperature. Though most of Lhe experiments will be
. described in terms of the metric.system of measurement, British
{ \xnj;ts are not ignored. It 1s assumed tl?at these experiments can
be dane in the mathematics classroom. Some wlll,be done by all
* of the students working 1in small groups, and, some wlll have to. be
demonstrations done by the teacher.< -
‘the use of the data collected 1s the 1mportant aspect of each

....

experiment, These data will™Deé méaguremtnts~wh&ehm@enmbcwgnapngnu __________

on.d single number line or on a set of rectangular coordinates. . 1}

Hlence, the use and need for graphing sets of single numbers and
sets of ordered bairs of numbers will be concepts 1ﬁ'mathemat}cs
which can be drawn from the science expeniments, Other usefuf
mathematical concepts deriyed from the sclence data are .those of': .
.drawing a line of best it from a serles of graphed ordered pairs;
the slope concept and 1ts physicdl and mathematical meaning; de= .
' velopling the equation of the graph; 1nterpolation and extrapolation ",,
Ny from the graph and f{rom the equation, and fimally, a mdthematical ' -

R generalization and 1ts use in problem solving. ' o .
A} .
, s . . ‘
r Use in the School\ ) : - . _
When any part Lf this material 1is used in selected schools L

oder the country during 1963-64, 1t will be inserted in a mathe-
mati¢s course for two- oréﬁhree—week periods over the school year.
The teachers in the systefn willl decide on times Suitable'for this.
o " Prior or current use of SMSG. mathematics textbooks 1s not essen- v
tial. The units -supplement, ‘but do not replace, whatever mathe-
matics textbooks are in use. It seems prqgbable that some.portions _
‘of the regular textbooks may Ue omitted, %%’v1ded teadhers are h
.satisfiled that the treatment "of topilcs developed directly from
experiments clearly sufflces. - I .




EQUIPMENT LIST

Part 11
A .
Chapter 1 .
. T " ) "RELATIONS, PUNCTIONS AND GRAPHING T T
Spudents are o work 1n groups of two.- Each group should have
the following equipment. N ' IS
1. Cantilever Experiment PN o
< . =

\

. Sclence Supply
| ‘none
yocdl Supply
. 5 books, ldentical (with dust jackets, 1f possible)

5 wooden boards (1" x 8" x 10") ‘

-1 foot ruler, with metric scale

2, Irregular Bottle Experiment

Sclence "Supply o .
) g none l s

. A
L v

Local Supply

irregular-shaped bottle (12 fluld oz.)

plastic pill bottle (approximately 20 cm3)

]

1
_ 1
.;' | - "1 "Maglc Mending" tape, Scotch brand (%ﬂ X 1296")
' 1 foot ruler, with metric sca%e . ‘ ~ -
, .

© 4710 can. (water container) . .

t




Chapter
\ . RELATIONS, FUNCTIONS, AND GRAPHING

L

7.

. In this chapter, three mathomatipal concepts are developed:
(1) the definition of a relation, (2) the definition of a
.function, and (3) grapﬁ\hg order palirs by a coordinate system
in a plane. 1In addition to these three concepts, it 1s hoped”
that ‘the student will gain a strong feellng for the méanlng of
‘the domain and range of relations and functlons. We also want
"to induce én intuitive feel, on the part of the student, for a
functlon which 1is contlinuous as opposed to one ich 15 not.‘ On
- the basis of this intuition he should be able to see the '
¢ reasoning behind graphing some flunctions as a "pest" “1ine which

i1s drawn without removing the pencill from the paper as

distinguished from a functlion whose graph 1s a discrete set of e e
' L] A . -

points.

rial.is developed with the ald of two rather simple ,.
exberime : (1) the cantilever of books, and (2) the

ing of an irregular bottle. The first experiment deals

with a function whose range and domain are discrete. The second
experiment should convey a strong feellng that the function
resulting from this experiment 1s contilnuous. Both-expériments
shoula point out to the student a need to conslider very

\ carefully all limitations placed upon the domain and range of
a function or a relation. . oL e .

A . 4 -

A good reference for relations, functions, doma;h, nahge
‘and mappings may be found 1n Principles of Mathematics,
Alléndoerfer and Oakley, McGraw-H1ll, 1963, Chapter 6.,

-~;f7' The method by which ordered paggs are graphed as arrows j‘ o
_ connecting elements of the. domain to the correSponding elements |
of the range may at first appear to be a mapp;ng but this 1s:ﬁ
‘not neéessarily‘true. “A mapping of a set A ‘into a set B 1is
defined as a ¢orrespondence that assoclates wit*ieach elemeﬁt a.
of A a unique element b of B, We call b the image of a
- under this mapping. -In some of the graphs -11lustrated in the: a o
-: text, more than one agrpﬁ\had41ts origin at.a givem elemént in R
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\
\
the domain and, hence, this graph was not a mapplng nf(a sel of
4

]

ordered palirs.

You wlll notice that 1in the discussion of the coordinate
system 1n a plane care was taken not L«’menthm the’ x-axlsa or the
\. y-axls, Iy was desired to give the student the feeltng that the
label attached to the horizontal axlis and to the vertlcal axis
would be dependent upon the sets which represent the domain and

the range of the relation‘bel/g graphed.

The fact that the horlzontal axis i1s used to represent the
domaia 1is merelyta convention and should be recognlzed as “such.
In some c¢ases it may even be desirable to interchange the akXls of
the domain with the axls of the range. For example, 1f alr \;

- temperature 1s to be plotted as a functidn of helght, a stronger _
feeling for the physical situatlon may be gained by pfntping - ,//
height along thﬂ.ve(tical axiélinstgad of the horizontal axis.
- J

It would be most deslrable to keep the vocabulary as slmple

-as possible,  Such words as abscTI8sE, oralnate, and*varraﬁ1ewn&ve“*~“"““
not been used for this reason, Also, the word variable ‘

¢ introduces a gerlerally obscure feellng for its definition.
Bertrand Russell, who‘probably 1nvest1gated the -aspects of
varlables more thoroughly than anyone before him, sald:
"Variable 1s perhaps the most distinctly mathemat1031 of all

notions, 1t 1is certalnly also one of the most difficult to

hnderstand . . and 1in the present work [The Princ{pleéizf
Mathematics, 1903] a satisfactory theory as to 1ts nature, In »
apite of - ‘much digcussion, will hardly be found." . >

L]

o

- | v

1 .M"ﬁn"Exggriment: . Can*1ilever gg‘Bobks ' ' - ' .

" In this experiment, a set of 5 or more books 52 the same
size should Le used (1 x 8 boards about . 10" 1long cén Le
substituted for the books)./

. R _ / ) .

5

ﬂ. For a feference which discugses the center of gravity of.
such a cantilever of books refer to Matter, Earth, and Sky by

e e
George Gamow, Prentice-Hall Inc., 1958 pp. 10-16, L : .
o .7 ““Ehe purpose of  the experiment 1s to collect -a set of ordebed*
;_. paira and develop an understanding of the definition of a- , )
‘relation, .The groundwork should be laid for the later - |
o - . 6 : . ) .. . . | ‘ S -....- ]

. N . N . . .
1. . - . .~ . S Lot
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deve lopment of the definition of ,a function. In this experiment,
the student should be led to realize that both the domaln and
the range of this "felatipn" are djscrete. The objects to be
balanced must all be of the same slze and, hence, using "half"
books or "half" boards may affect the descriptlon of the objects

vlin the domaigpof this relation but the numbers asslgned to the
domain will st1ll be a subset of the countlng numberg.

This experiment could probably be treated as a teacher '
demonstration. Howéver, a strong plea 1s made for having each
student actwally perform the experiment, collect a set of data
and graph the ordered pairs, first by the method developed in
Section 4.5 and later”by the méthod dlscussed ln Sectlon 4.10.

]
N
.

~ 17 .t Mare Graphing _ o

This sectlon starts with the graduation of an 1rregular
container. The easipment should be kept as simple Tas possible.

. What 1s.meeded 1is any lrregularly shaped glass bottle, a
. . 22 cc. plastic p1l1l bottle (this can be obtalned from your local
drug store), and Scotch segic mending tape or masklng tape. The

irregular bottle was chosen 1in order to provide the student with

T i

a set of data which would not suggebtﬁa linear function. The
~ student ‘should be encoyraged to develop a strong intultive sense
for having collected only a discrete sampling of the set of
ordered pairs'represented here. The act of d‘ﬁplaying all
ordered palrs of this function as a mapping from one number
1ine to another numker 11ne\gets us nowhere at this point. It
1s necessary, then, to develop a new method for displayiqg the T
ordéred palrs of a function, or relation. The rectaugular
_ coordinatelsystem-is-introduced. ~All four quadrants gre ¢
Cx - discussed. If your class has had very little or. no experience .
' witthegétive nulibers you may wish to pause here and introduce
sohe elementary concepts of the set of negative-numbers or you
+<*. “may wish to omit Section 4,9 altogether. REither apmroach’'may
be used without having 8Serious difficultles arise in the
remaining SEQQ&on 4.10 of the chapter. T S

v -
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. . Chapter 1 ~ _
SOLUTIONS TO EXERCISES , . .

o .
s . .
. v :
. - f .
EY hd -
\ s
.

nolutionb Lo rxetciso 1

. 1. Ganqavy, g1 days) . (July, 31. days) _ .
(Fé%ruary, 29 .days) ' (August, 31 days) e i
(Mérch 31 .day ’ (Septeﬁber, 30 days).
(April, 30 dayé% ' (October, 31 days)
(May, 31 days) . - (November, 30 .days)
_(June, 30 days) ' _ B . (December, 31 days)
- (4) There are 12 ordered palrs -in the set. e ..
(b) Thefe are 12’ elements 1in the domain of the relations.

¢

January, February, March, etc. .

(c) Set of elements in the range: (29,30, 31]) )
4 (dY Tfheredre 3 Télements T Bné"Faﬁpé‘ﬁr“thE“TETattvﬁ?“““"“?“““f

2. Yes, 1-C would have been anSWQred differently, since the
.set of elements in the range would be {28,30,31).
February has 28 days except during a leap year.

3.. There are magpy relations that can be obtaihed from the
.~ 1nformation given 1n problem 3. These answers are . ;2 of

“the many o .

- ((r,B), (7,0), (10,¢), (22,A), (1,D)}
. ((7,B), (10,B), (7;4), (10,A), (7,c), (10,C), (7,D))

T 4. . The SMSG text Mat@gmétics for Junior High School Volume 2
_ . Part IT was used to’;llustpabe a possible solutlon to
. this exercise., Lt S

o

(a) . (additive inverse,237), (multiplicative inverse,237) ' __i{
' o_@repeating decimal,247), (terminating decimal,247) ' .” N

[ 4 .
(b) ‘(exponent,121), (exponent,1256), .(exponent,129),
.+ (exponent,149) T | '
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: Bolutions to Exercise 2 L to.
15 15 "~
1. 14/ 1y (a) domain: (1,2,3,,5)
13- 13 I | :
A2 155 (b) range: (1,3,6,10,15])
’~ S 11 11 (¢) 2K could be a good, fuess
. 1(9) k18 since the graph shows that Oy
) . - R : §
¢ 81 8 *the di fterence of the )
- elements Ln the range fCor
{ 7
6 6 succeeding ocd®rpalrs
Z 2 increases by one as-the
BT 3' element -1n the domaln
' - o > . Increases by a value of one.
o 1 1 ‘ .
Ot + O
" 2. 101 t10 (a) domain: }‘1,2,3,’4,5]
9T .19 o N . ]
e B e B 2 (R).rane: | (12802 0)
i | } . N A i1 £ S BB R Pt Be € et b hart S 1o
Z__ 1 2- (¢) No. .The element 6 15 not
) 5 —»+ 5 ' contained in either the set
X i .+ 4 - of elements of the domain or
3 71T 3 the set of elements of the. .
2T > T 2 range .
l » 1 : ng M !
. i Kok o - 7 0 . b i - : T > 7
& o - ‘ .
3. ’ ~ (a) domailn: {1,2,3,4,5,6]} ,
) (b) « range: (2,3) .
- (e) '3
(@) 2

(e) ‘If the element of the domain
1s-an even number, then the

_ ‘glement of the range
—~ / : ., .
-~ - assigned to 1t 1s the ™
_ numper 2, If the element
" of ‘the domain is an odd
. - number, then the element of
thie range assigned to_it is
" the number _ 3.

P

UL F T ¢
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. domaln; {30,%0,50,60,70}
_ range-' (85,90, 105,120 140}

- domain: ;L9,12,1;,18 21,24}

(a) domain: (d,0,1])

&
(LY ranpe: ¢ {1,2,0,1,5,06)
(¢y* 0 or 7 ”

‘(\
- v

. The "ordered palrs are:

. (30,85), (40,90), (50,105), (60,120, *(70,110) -

.The o‘rdered p}irs are:

19’2 ! (12!5)’ (15 l)! (18!7‘) (21!:}?‘)! (2“!8')

range: [2,%,1,r,rag}

.The or d pairs are:

(1,2.2), (1,1,2,2), (1.2,2.4), (1.3,2.3), (1.4%,2.3)
(1.5,2.3), (1.6,2.7), (1,7,2.6)

"domatn:, {(1,1.1,1.2,1.3,1.4,1.5,1.6,1.7)

K4
e
[}
I AT
. 5.
P
7
~
0.
e
. '-.~
r
4
8.
: .
!
13 A’
' h E
12
. 9.
, ¥
L] '..
.
P -
TN .

" range: [1960,}961,1962,1963,;964,19651.

rahge:"[2.2;2.3,2.4 2.5,2.6,2.7)

The ordered palrs aré+

(.50,1960), (.50, 1961), (“51 1902), (.52,1963), (.53,1964)

(.5%,1965) S i .
domain: {. 50,.51,.52,.53,.54) |

The ordered palrs ave:

'(3 1), (3 1 6), (u 1. 2), (u 1. 8)

“domain: (3, ll) - ' _ " ‘
range: {1 l. »1.6,1 8] o ?'1 -
e 13 -
. 10 S

Sy e R e s
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T



- 10, The ordered palrs are:

C(24); (139), (6,0), (8,7), 110,41), (12,11)

. B >

‘domain: (2,4,0,8,10,12) .
“rahge: (3,7,11)

- R -

vl

Solutlons to Exerelse 7

/1, beh of all candldates 1s «the domaln,
' Sot ‘of all votes cast is the range. gﬁ v

T R o nmaemse e g e

i
2. get of all triangles is-the domain. . N
Set, of ald areas Lis the range. | {

3. Set of all people is the domain. N (

Set of all first names ls the range. N : -

v

4. Set of all caunting numbers 18 the domain,:

% " . Set of.all countling numbers except 1 -1s the range. ‘

€

5.‘ Set of all counting numbers i1s the domaln.

-

Set.of all squares of ‘the counting numbers is the range.

6. -Set of all poslitive integers 1is the domain.
range: (1,2,3,4,0) )

7. Set of all positive numbers 1s the domain.
~ Set of all positive numbers is the range.

A s

n;f§§§8.‘ A function is described because one and only one element aﬁ
of the range 1s assigned to each element of the domain.

The set of all positive numbers less than or equal to 20 ' j
1s the domain. . ' ’ '
The set of all popitive multiples of 5 ‘is the range

1 (3.7,60); (5,75), (19.2,300) ...

. ' ) i K ~ X~

. . - . 3




. _
Solutions to Exerclse I
1. o
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( . . (e) The two sets have one point In common. T,
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N, “No. The domaln 1n Exerclse 2 tu 3, while Lhe domiin in
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exercise 3 15 8. The range 1o Exerclse 2 ia 3 while

the range in Exercloe 3 is 3, "
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a4 . v EQUIPMENT LIST
. ‘ | s %
. Part 11 .
. ) - Chapter 2 f .
T*f"”"”"— T - OPEN SENTENGES -AND-LINEAR EQUATIONS. . ... ...

[y

Students are to work in groups of four.
the following equipment._

;- -.‘ 1.; See-Saw Experiment .
.;iﬂ_f m L.SQience Supply | T ) '
B —_— ) meter stick n . ‘ -
‘2 + v 1 hook- welght (10 gram)
. . 9_‘ 2 hook weights (20 gram) '
_ f” A | ‘hook‘wgight,(so‘gram)-.. .
_“ 1. hdbk1we;ght_(109 gram)’ . ‘
— . 2 her weighté (200 gram)
; ‘ 1 triangle file (5 1in.) ,
Looal Supﬁiy ;
! |  bal1 ‘of string g
15 o .(1. rock -
| . ;2._*D1x1e?-cup§‘(6 qz‘): . e »
1 paper clip, spring—type "Evgrhandy“
‘ ‘%- pao&age model clay | _
e "2 " wooden dowels (12" vlquth)-.

‘o

hunt clip.

P

Each group should have

e e —




O - © Chapter 2 = - e
e e EQUATIONS AND OPEN SENTENCES .
'*;ﬂ‘ purpose: (a)
. : . ‘and open sentences 1n general. N\ *
AT ww$~~mm(b).¢5how the 1mportdnce of mathe?aticsndn;solving prop—_- ='(
. lems in sclence. . . .
The problems are oreated at the followlng" times// . '
. : (a) At the 1ntroduction to the un!t ‘when the. student - .
.;";l. ) . makes predictipns where .to sit on a see-saw to make
- o 1t balence. | . - L
§ - | {(b) 'In the 1ast.part of the unit when we want to find o
| out "the mass mea.sure of a piece of marble by using .
f ':._ the meter- stick mode}.of the see- saw.u“. '
The experiments have been tried by 8th graders.' We found -r%{
: B

L “that the students' 1nvolvement in the actual experimentation is - . SRR
o very: 1mportant., We suggest, therbfore, that a teacher demonstra- ' o

" tion should be the second cholcey ‘qnly. We want the children to . LT
j;fv*' ‘develop sclentific intuitian and a spirit of inquiry. Let ehil- .
J'- -dren explore. .There are many ways of leayning. One 18 by actual R
\ﬁﬁ manipqlation of objecgs. In the see-saw experiment; -for 1nstance, ; Lo

- the students can feelqphysically the balance or 1mba1ance of the

B'C{Ck //f ""i’ e o L L . e ..
. “The. presentation of ﬁhe experiment 18 fully developed in. the- _ﬂ""€¢§
- student's text.  Making the meter stick model of a seg-saw would’ BT
o "be a homework proJect before class work.  The necessary material kj ; :f§
\". can be found around the house and in.- any hardware store.i"- RERETty
R l ~wmeter stick e e R i _
e l,-_%" x 4" % 6" block of ‘wed 1. - e g

-6 - ounce "Dixle! oups Ve R P S
. iR e dowels, 12 - inches ungTT' S SR
“f 1.~ Llimp of mpdgling -clay -

ﬁset of standard wexghts (1Q, 20, éo, 50, 200, 200 gramﬂ)




- . -~

In making up a meter stilck model of a sec-saw, the teacher
should feel free to use his ingenuity and to make whatever changes

'are helpﬂul according te the.composition of the class apd the ma-

texials available al the time. For instance, the met stick can.
be supported on a knife edge by means of a knife edgd clamp, com-
mericaﬁly made for thls purpose. (See._11lustration.)\ .

.than 150 grams. The sensitlvity problem can be elim

screw, (See illustration )

The .teacher should use this commercially made- knife edge with

care since 1t is very sensitive, especlally for weightigéreater li
ated by

sticking a plece of modeling clay at the bottom part of the clamp -

e modeling clay

: \JIf the-teacher cannot obtain -the standard welghts, he can use
pennies instead. The pennles. can be suspended from the stick by

small plastic bags.,\ The pennies can be uséd not only in the see~.
saw experiments but also to find the measure of the mass of an ob-
" Ject. Instead of grams, the mass measure would be expressed in

terms of the pennies. ‘For 1nstance, the mass measure of the. ob—

.'Ject -could be equivalent to the mass. .measure of 25 pennies.'

‘Before starting tﬁe actual experiment, the students.should'

" have some prelimlhary play on balancing; just to get the feel of .-
Loit. It is very important that the stick settle exactly in a '

5,0,

J PSR PR3 EoUCT PR L SOV L S
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c

i S 4 i oo Ce ' . _ . g o L. Rt .
7 3 “horizontal position before the diStanCe 18 read off The use ofj“.* -
. k two dowels can help appreciably in this respect. The 6 ounce. :

) paper cup.at each end of the gtlick 1s used to eliminate extreme
C ' tipping of the stick. (See illustration ) - @

~

&ﬁ)' _— .i:fif

lt?“:.?i The distance should ‘be estimated to the nearest centimeter,_otherE‘sf“*' -

\ R

e '. wise we will not get the desired results.”

<

o Finding a genera} rule from the observations can be an excit«l
o ing experilien for the students. The teacher should. use his Imag-
‘ ination to lead the students to. the discovery of the general rule:
: = 1200, Many students will easily recognize that there are two
f—ﬁ’i ' variables involved, the. mass of the obJect and the corresponding :': R
' distance from the fulcrum, and that increasing elther one increases _ '
“the balancing force.' If the unit 1s being uséd on the 9th ‘grade. |
level, the teaoher can develop an elementary understanding of the_
principle of moments. "A moment 1s. the product of a force and- 1ts
"’ distance from the fulctum, In ‘this experiment, whenever'balance
_ exists, two.edual moments also exist. Each of these 1s & product
L eof.al mass and a distance. For example, when 120 ‘grams at 10 -
"fl-,_i centimeters is balanced by 60 grams af- 20 'centimeters, the two };f;:ﬁ
| moments are _120 x 10 and 60 x 20. , ;' e S

_ On a more sophisticated level the teacher. can even discuss
~that when.a condition oft equilibrium exlsts: - S
' (a) The sum of the vertical- components of the forces acting
. " ‘on the. stick 1s equal to 0.~ ZF = 0, - 4' :
,wm“*ip)_'The sum of the horizontal compnents of - the.forc@s acting
. on the stick is. equal to 9 IFy = O..-’"- : "

(c) The, sum of _the moments is equal to 0. zm.ﬁ 0.

.Qu -

s Actually, on the see-saw we compare masses, not‘weights. _ _
fConsidering the fact that the concept of mass- is diffivult, even e
weﬁavoided discussing it, but nonetheless..;l'*

*

e . at
SRR STy N
“ v
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always used(;t in the correct sense, The teacher should be care-
ful not to use mass and welght synonymously. The distinction need
not be Qmphasized in .the classroom. '

What is actually the difference between the mass and the
weight of an obJject? The mass of an objeot is the same no matter N
" “wherd.the objJect 1s8. The welght of an object depends on the 1oca~- "~
tion of -the object.'-For example, suppose you weight‘ 120 pounds

-

- on your bathroem scale. If you went to the moon with your scale
and welghed yourself there, the scale would read only about 20 .
pounds , HbWever, your mass would still ‘bethe same .

. . Consider another 11lustration. On the earth you might have fgi&

s - difficulty in 1lifting a‘chunk of steel » Whereas on*the*moon you - °
e @ight-lift.ib fairly easily, . _However, on the moon and on the_“ T
earth you would have the same difficulty accelerating 1t with the S

<

same force. y

e " The welght of a body 1s a measurefof the gravitational force e
acting.on it. Newton's Law of Universal Gravitation evaluaees N .

- -

this force as follows..J,,/f*\ A S .

.*— . 5’ F —.G;IM ' ’ ... .

. where m 1s the mass of an object, M 1is the m:ass of the attragt-
~ _ing body such as the earth, G 1s a constant and T “is the‘disp_"‘ .
a tance between the centers.of the two attracting objects. Thus,_-"_-iff
the weight 1s pr0portiona1 te the -mass of the obJect and alsv--to ‘
the mass -of the attracting body. e

o"sml

vaery time we measure the pull of the earth on a body, we are
measuring its welght. For e;ampie,'a platform scale and a bathz
; B “.erm scale measure weight. A balancq, however, compares the pull
' of gravity on two aifrrent obJects and therefore 1t compares the
masses ‘of the objects, R " : ;
The treatmgnt of number sentences and number phrases depends
~on the teacher. The unit can be usad by itaelf Howeyer, the
combined use of & mathematics text along with the unit may seem to - -
. besa better sdlution. In this section the teacher can utilize the f'?“\
' see-~saw very effedtively as a. physical model oF equaii;yvor_".' :

1nequa11ty,: - - .  ﬁ v Jﬁiﬁﬁ.

yerramen. e emp s e S e m e T : . st g i,




N\
The sectlidn on findiﬁg the mass measure of an objJecl 1g tully
developed in‘°the studgptts text. 1n experimenting, the teacher ‘ .
. . .
. should take tlme to let the student develop a, feellng of approxl-
mation by comparing the mass of an ob Ject with a standard mass,
Furtheérmore, the teacher should point out that the obtalned mass
i measure of the obJect 1s an approximate value, since the dlstance
77U that we are using to 1ind the mass measure of the oliject 1s also : O
an. approximation to the nearest centimeter. . . g L
& % e
* The following text can be used as resource materlal to this
N unit-~ Physies by the Physic%&.bcienoe Study Committee, D. C.
( -~ Heath and Co., 1960, or Physics for Students of Sclence and Engl- |
. neering, by Halllday and Resnick, ‘JohnjWiley and Sons, Inc.

» \ B . )
zlm;;mmm;hfmmmmmMmm;;“_wwf“ﬂ"mm”HJU;EAQLQlQQWlLMZWMHAMM“;;W;;mufmniwh”hi:i_-W$Nmm
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| ©fa). xs+ 15, 2.0 (a) 2t h "

o (b) 8x . (p) 96 B
. — N - . » r ]
- . ’ . ; - ' ) “l\’ -
o " (e) ._-Llrx or (e). 3 R

. R { ¢ - - Vi
R -. s ’ ‘\. . - (d) 8 - o

- o (d) X - 4) L : o 3 1
N o . L T (8) 5 or 1

- (e) 8 | N 2 z
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| Exerclse 3 \
. ! 1, a, b e\) £ -..f.“ ;- | . ‘ .
2. (a) 2 x (3 + 1)
(b) 2 + (4 x 3)
(¢) (6x3) -1, , |
(d) (12 - 1) x 2- ~ ’ ,

N 3~(a)__u7________(f) 44 SO
... (b) 75 - (8) T
. (c) 70 (h) 26
(a) 14 _ (1) 30 .- L
. (e) .8 . - ’ o .
kg (a) (3+48) -4 or 34 (8- 4)
\®) (Gx6 +4
(e) (2 x3) + (¥x3). | )
| ” _ ' , -'hwEu!rcisé 4
1. | Th@ indicated sums are b, ¢ and e. The indicated products ..
afe ‘a, d and f. - | - : :
T2, (4) B(aT) + M) . (e) (8 +4).
~ T 7 (b)) 9(34) + 9(5)_ (a) 18(3.2 + 8)

3. (a) 12(3 B () @)

T . 0)
. ' 12(3) +12(1F) R iéi-)

o S 1}+3~;\ _ (d)_._o(l17+8_3)\

e 5 ®aE @ () g+ o

Lo kg o e
-1 cee '._"r | .... '._.




- b
b, (a) T7(22) = 7(20 + 2) (¢) 15(36) = 15(30 + 6) .
= 140 + 1% ‘ = 450 + 90 ;
= 154 : = 540
) (b) 12(33) = 12(30 + 3)
' = 360 + 36 - . v - .
| . = 396 ' : :
_ Exercise 6
1. (g) k + 7 o (e) a-+ 4 1f a vrepresents
(b) 25x ? ' John's present age
1 (¢) 100x . (f) 3y ‘
. (d) x -3 4if x rep- (g) 36b )
) sents Sam's present. , .
‘ age . - - . N -
2. (a) x +2 (e) 7 ' .
I OO N (f) x +6 .
(e¢) 15 - x . ) X “
Lo (n) (3 ‘
3. (a) 26 . (e) '8 ’ |
(b)) 16 , ‘ (£) 30 . :
Sofe). 98 (g) 12 ) | . ._![
(a) 168 | (n) -8 . | , SRR
y, (a) x +(x+2) 1if x 1s an even number _ _'0 : )
) S or x+O 3 .
S Fe e) sxe-T | |
L @ ex3 T
o (e) 27+ 2) L ,
’ (f) X + 5% . a _ R .
(g) - Hx_ 4 2(10x) “or 5x + 20x I1f x 18 the number of
~ nickels Milce has, - e o S

B ) -




8. ¥ | | 14,: 500 g

9. 2(a +b) . 15. 100(5 + w) g ar

10. 1000 k 500 g + 100 wg -

"11. 100 cm , : 16, 100 k +n cm ‘. ‘
=2 N

12, 1000 @ - 17.- 10 t + 8 grams .

13. 1000 p < 7, 18, 4 n | :

- Exerclse

- i.' (a) T | . (e)
Yo (b) T . | (d) F .

 ‘Exero1se 9

4, (a)

()

- (e) -
(a)

‘"5, 4 om

1. - (a)
- (v)
. (e)

(a)
(e)
()

Hoa oAl oE
W = O 0
f

..' . 60' d<4 cm R
' d> 4 om KR

_ _Exercigé'lo L _:_:f. ._; }' i
() y>2. o (v). 4
(e) . x=3 . . o . (e) 6

w B

E (d)_'Set of all f@&l . . -}-(d) *2-_7.- i . ::-:.  J¥¢
.., . numbers except 3 T T o e
o) mm12 L




' 4 _Exerclse 11

1. Domain of n 1s the set of positlve Integers.
$1.35 n = $236.
: n=115 v toL
2. The ‘domain of g 15 the set of all positive ratlonal numbers.
$ 30 n = $2.76
K
] - ... ...._.9 '2 ‘Eallons — e ..'..'._..'_\._......_..._ o e B L R TR TR Lean Ve e . e it e e

3. Domaln of p- M= the sqf#h{ positive numbers

N . ' ' .
- e .

Exercise 13

e -1'_ '(a). f%.\ ': ‘ (C) %

, . ~(b)'f§- ' - ;2 C(d) 1 B AR : R
- o . Exercise 14 ) B
L@y o3 ‘
(b) 6 . i: . :_(8) 1 : N&
. ] T Iy g B . e
(c) 49 “ -_(h) 5 |
(d) - (1) 2 ! { .
) " i .
. % (e) § :(l o ('. ¢
- T (a) 5x =30. - -+, . (da) 3x =260 O
' B X = 6 N - - . =20 .'

(b.) ¥-9 - (o) ge=063 T
Yy = 36 j, ‘ ' \ ' o o
(c) 7& =28 - |
| .‘ S a= 98 '_’ | o |
S A (a) 10 n’ S by 28 .. (o). 2d em.
’:.'f!. uil “Yes, Af the glPl 1s 1889 (119) ‘gimes as far as the box from ',;.
= the’ fulorum and on the opposite side. _'. TS PR Ll
‘s, :. 2 feet o ) L .~ e
" 200le e B AR




y 3. _(a). 10 in.
' (b) 18 1b.
(c¢) 24 cm.

Yeu, 1f the girl 1o 100

. _ times as far as the box from the

1, - )
(g A

b

fulcrum and on the-opposite side, - o
5. 2 feet . -
6. 200 1bs. - o
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“ Chapter 3,
A GAS LA@/%ND LINEAR FUNCTIONS

1. Charles?t Law-~TeaoherjDemonatration

* Science Supply

1 Charles! Law apparatus N

1 thermometer, Centigrade (-20° ‘to 110°)

Looal Supply .
.1 electrical hot plate
- &,
2 trays of lce cubes ‘
salt "~ . P
.1 %10 tin can .
: L
7 ' ”
. % .
T - : .
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Chapter 3 , .
A GAS LAW AND LINEAR FUNCTIONS \ o :

_ This unit is a survey of some of the elementary concepls in-, \

. c¢luded 1in the broad subjJect of linear functlons. It makes no ab-
tempt to introduce all phases of' the subJect but, ratheér, treats
eaéhh’ﬂbﬁicu ‘which arise from an analysﬂﬁwof the data derived from 7 "
a demonstration experiment on Charles! . The entire unlt 1is

based on this single experiment, which 1s referred to throughout..

In this way an attempl has been made to interweave the physical

pﬂEnomenon with, the related mathematlcal principles. .

" -The unit 1is designed to be used 1n a ninth grade algebra :

class{ although it isiconsidered to be approprlate also for an N
eighth grade class which has recelved the prerequisite instruction.

“ '+ This presupposed khowledge conslists of the following concepts and
skills: the properties of the number system, algebralc operationu
with sligned numbers, ordered pailrs, functions, and grapﬁing. For -

. ‘the rest the unit ‘is a sell-dWatalned package. Therefore, there

L. is considerable £ exibility in the matter of where 1t will fit in

' existing courses. Possibly, the most convenlent plade to. insert

it 1s after the students have learned graphing and before intrq—

e

ucing systems of 1inear equations. .

. Scientific background_tg the experiment. "‘Charles' Law'is a .
-gtatement of one of the properties of gases, whose explanation s~
covered by the broad kinetic theory. The law states that the
pressure exerted by a quantity of gas at constant. volume varies _
directly as the absolutel(or Kelvinl\temperature, or, inemathe— '_, , g.'
matical terms, P = kF. | . ° S :

i

_ The pressure exerted by a gas 1s due to the bombardment by its
“‘molecules of ‘the walls of the contalning vessel. An increase in
~ the number of impacts of the molecules per unit of time or in thel _
' average momentum which they bring into ‘each impact will, of course, °
tend to result in an increase in the preséure.- Both of these fac- =~ .
. tors depend on thé averagb velooity ‘of" the moleculed. Obviously, e
‘” the higher the average velocity of the molecules, the greater. will L
be the rate’of their eollisions with the containing’walls, and,. R
since the momentmn of.‘ a p rtiole is equal to the produot of Atsr 7 "'.',:?

‘.".




masn and veloeity, the average momentum -also increasds with an
increase in the average veloclty. In turn thg average veloclty
of the molecules depends on temperature. As a mitter of ftuet, the
bompblature of g+ gas 1% a measure oL the average kinetlic encrgy of
. its molecules. Slnce the kinctle cnergy of a particle cquals one-
half, the produ(t of lts mass and the cquare ol its veloclty (E =
__;_M_HJXQ mv - ), 1L 1s readlly seen LhaL ralsing the tcmpOIdLUPG ol /a bLody .
of Q5 Co nulsbu of increasing Lhe avera&c vv]ovlty ol 1ts md4:cules o
Hence, 1L can bv.ueen that these 1nter-relatlionships are such that
1nc1ea ing the temperature of a sample of gas tends Lo result in an
° _1ncrea39 In the pressure exerted by the gas. TFurthermore, 1t can
be snown by theoretlcal considerations wihich need not concern us
here that the temperature-pressure relation should be linear, ac
1t indicated by P = XT.

Tﬁe above thc&ritical prediction 1g veriiied by experiment,
but, Charles! Law, like all sclentiflc lawg, I1s 4n~exact expresslon
only in 1ldeal cases. In other words the expression\P = kT 18 o
rigidly correct only in tke case of an ideal gas, which for our )
purpose&‘can be thought of as one in which the molecules themselves
are polint macses, that 1s, have zero volume, and in winlch there
are no inter- molecular tttractlve forces. This 1s to say that an

+  ideal gas is one.ln wh;ch there are no internal factors which 1n-
. uerfere wilth’ Lhe behavior of the molecules toward theii surround—
" uiﬂﬁu. ) . ) : “q B Cohy

N .

Of «course, there is no such thing as an ideal gas.i However,
throygh some range. of cohditions, practically any gas will behave
in a‘ﬁahner whlch approaches ideality. From the discusdion, 1t
can be seen that 1f' the interfering factors are Kept negligible, or
‘néarly -so, these conditions will be met. ~In this light, 1f the
température is high enough so that the molecules .are moving rapidly,'
~ the effect of thelr attractions for each other willl be minimized.
~ ' ‘Also, 1f ‘the cancentration of the gas,_that-;s, the number of mole-.
H*J,i‘,Lculeé per unlt vdlume, 1ls: kept low, the molecules will be far
B enough apart to again keep their mutual attractions Mow and thelr
: volumes will represent only a very- ipall fractlon of the space B
occupled by'the~body of. gas as a whole. Co I :"r_ g

-

W
A

R . Under ‘the coQg}tions or the deéfenstration used in this unit,
lﬂr.\the gas 1n the apparatus is at a, high enough temperature range .
ool and Low. enough concentqhtidn to behave sufficiently close to | |7

by . i
| R LAY
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ideality to meet our needs. Therefore, the data whlich wlil be col-
lected will yleld an approximately stralght line. The extrapolatlon

to the temperature axils of the .corregponding 1line for an ldeal gas

. ’/; results 1n an intersectlon at'-27}°C, the absolute zero of tempera-

' ture. This point 1s of great importance’ in physlcal tclence, both

theoretically and operationally. In connectlon with Charles' Law
TTTTTT1¢ 1s the polnt at whith the pressure of a gas becomes zero. More - oo
" fundamentally i1t 1s the temperature at which kinetic energy becomes
I zero and molecular motion ceases. '

The line which will result from the experimental data will
. extrapolate to a point on the temperature axls which wlll be grati-

. fyingly -close to -273 ©c. Since we are extrapolating from & line
' segment which representb close to ldeal behavior, naturally we mlss
the derivations from ideal linearity which come with lower tempera-
tures, and, of course, we also by-pass the sharp breaks which would

\ occur 1f we took the gas down to a tempefature at which it would

liquefy ‘and, eventually, solidify.

If it i1s desired, the demonstration can be repeated using dif-
ferent amounts of gas (air willl be used) in the constant volume of
the apparatus. - If 1t is possible to reduce the precssure 1in the
_ apparatus to about 10 1b/sq 1n at room temperature and to lncrease
P ‘ 1t to about 20 1b/sq in, these would make good starting points,
= along with prevailing atmospherilc pressure. The moreé air there is d
o in the apparatus) the greater will be the slope of the graph i .
' all the lines are plotted on the same axes, they will show good .

convergence-toward -27300 (or close to it) on the beﬁperature axis.

Thiswintroductory material will take on nore meaning 1if 1t 1is
re-read after reading sections 11-1 and 11-2 of the text. "In gen-
eral 1t would probably be wise to read commentary materlal both
before and after reading the sectlions of the text which that partic-
ular portion of the commentary aocompanies[

X.

-

oL . . B v

thes on Text Sectionex

i 3 l The 1ntroduction to the unit will probably lead to a discussion
ﬁ?]'ﬁ*_; or the terms: underlined in the text, although at leaet some of the

Y - 35
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students will have encountered these terms 1n sclence courses..
There 18 also an opportunity for the teacher to elaborate on the
interrelation of sclence and mathematics. It can be pointed out ..
that the investigation of probléMhs in science has stimulated the
_____development of new mathematics, required to enable the 1investiga-
tors to subJect their findings to theoretical analysis... For
.t example, Newton's invention of the calculus to help him under-
stand the nature of motion might be discussed. On the other hand,
the discovery of new mathematics makes possible and stimulates an
~attack on sclentific problems which could not otﬁérwise be ap-
_ Iproached .Muoh of our modern work on the structure and propertles
. of the atom would be impossible without the sophisticated math-
ematios that hhs come into exlilstence in the last century, nor
would'Einstein have been able to develop his theory of relativ-
1ty without the work of the geometers of the Nilneteenth Century.
The students might alsa be Interested in Archlmedes, who, over '
&_ two thousand years ago,| comblned in one man the mathematician,.
_N"scientist engineer, and inventor.. '

......... -y

‘3 2. The Charles' L.aw aﬁparatus may be made in the school shop.
“ ' The metal bulb is a float from a toilet water tank. This 1s |
attached to a plece of cépper tubing, which 1n turn, 1is atta¢hed
to a bicycle tire valve assembly. The final attachment 1s a
.. Bourdon tubé pressure gauge, calibrated from O to 30 pounds per
~ square inch. AIll oonnéq@iOns must be made airtight and the bulb
must. be Qoldered around 1ts equatorial seam to make 1t a;rtight5
.. also. 'The glass front of the gaugé should be removed and the
Co .Qneedle seét to read the local atmospheric pressure when the air
oy in .the bulh 1s at that.pressure.

_ The Cenbigrade thermometer. should read from -20° to 110° ~ The

,-water vessels ‘can be 1500 ml or 2000 ml beakers, although any con=- A
Jtalners of the appgopriate size may be gubstitited. It 1s conven~ ¥
ient to' have the water baths set up shortly before thé experiment "‘“{'?
is to be done and, therefore, ﬁhere should be at.least slx vessels e

XS
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available. Depending on what facllitles are present in the class-

. room, & Bunsen burner (and ringstand) or electrlc hot plate will

ﬁﬁso be used. Therefore, at least one water vessel should be a
Pyrex beaker or metal can. A complete equlpment list 1s glven at
the end of this chapter. |

" At 1least six pairs of readings of temperature: and. pressure . . . ..

‘should be msde, of Which one can be at room condltions. The lowest

temperature used should be below 0°Cc and is obtainable by a mixture
of rock salt 1ce and water. “Jt. 1s important that this temperature

be used because 1t 1s deslred thét the students initlal graphs o

cross the vertical axis. The hlghest temperature should be that

of bollling water. The remalning temperatures should be spread fairly
regularly petween the lowest and highest Readlngs should be made

in order of increasing temperature, SO that. the students will more

readlly see the relation in terms of an lincrease in one variable

ES

resulting 1n an increase in the other. For this reason, 1t 1s not

.advisable to start with boiling water and then produce successively

lower temperatures by mixing with.portions of cold water, even
though 1t 13 easler to perform the demonstration in thls manner.

An alternative to using separate vessels, each at a discrete tempera-- -

'ture, is to obtain some of the. higher reading by heating a single

'vessel while the bulb and thermometer remain in it. Readings of

temperature and pressure can be made at regular intervals &nd in

addition, the students can see the continuous and simultaneous in-

" crease 1n temperature and pressure. This will be of some advantage

when the concept of continuity is 1ntroduced. The bulb should be

'5entirely immeraed in theaiiquid and, in order J; get eimultaneous'

_readings of the.two 1natruments, it may be necessary to have the

aseﬂbtance of one of the studente.- ‘_"' v ' - _ R




&

‘\\:

Temperature readings should be made to the nearest whole degree
and pressure readings to the nearest {1fth or tenth of a scale div-
1sion. Slnce each divislon represents t{wo pounds, the pressurc

readings will be to the nearest 0. or 0.2 pound. Before read-

- ing the pressure gauge, tap 1t with & Llinger to make sure that the

N
"heedle 15 stabilized 1n the correct position for that temperature.

Also cheé¢k to make sure -that the bulb 1s entirely immersed 1n the

-

liquid.

o

. { “
3.3 Make sure that the students draw the coordlinate axes 1n such
b Y

.a way that they make maximum use of the space avallable on thelr

graph paper. The paper should be held with its long side horizontal

“Tand thE'horizontdl'gxis should be drawn about one iﬁch from this

~edge. Thelr attentlion should be drawn to the fact that only the

first and second quadrants of the plane are going to be used. The
vertical scale should run- to about one inch from the top edge‘of

the paper, and the ‘horizontal scale should start with the =300 .

‘point within an inch from the eft edge and run to the ~+100 point
within an 1nch from ‘the right ‘edge. If the students ask why tempera-‘n‘

“ture 1s desigpated by a lower case letter (t) while pressure is

_dgsignatedlby an upper.case‘letter (P), they should be told that

&

. "the Peason will be brought cut later in the text. L s
. T T, _ L '

#fi this point will not require belaboring at this time.

-

R

.‘.'

':3,17 The ooncept of continulty will probably be familiar to the '

-ffstudgptg from_previous work -in mathematics and/or sciencq, Hence,




3.5 The students should -get the idea that measurements are fer

from. 1nfallible. If a study of the general theory of neasurement‘

has preceded the present work, some of ‘the ideas which are relevant

to this experiment, can be reviewed, The text avolds any discussion
#~w~3w~wuor-nop-1gea11ty.oﬁ_xhe“gasmas“dmpért;a;“c&usc qﬁugeyiap}onﬂirom“‘
perfect linearity. This factor can be 1ntroduced.1f there huas been
a prior diecusaion of the matérial presented ear;}er in this com-

Y

- mentary under the he;ding of sclentific background.

] 1

..

~3 o Every-effort should be made to have avallable enough trans~
parent rulers to enable each student to have the use of one Ior a
few minutes durilng class time. This will be e%pecially important
_1f the plotted points deviate from 1linearity by more than a very
slight amount, -for 1t will be the only way that they will be able

" to see how to position the ruler for the "best line.

It is not appropriate at this. level-to discuss the fact that
thhere s no; oper"best 11ine" and that the choice depends on the.
“lmathematical procedure used to determine it. ~Rather, let the : .
tstudents use a bit of intuition and experlmentation with the ruler

to make a judgment. .Polnt out to them that they are proceeding
- according to the 1deas of. the last few eentences of text section
.3 5, that 1s, they are taking 1nto account the fect that there are-
.- B .measurement errors and are not letting these expected errors obscure -

= the fundamental relation that exists between the two variables.p

‘“i‘_V__' Before the. students. draw their lines, stress the fact that

the lines should nof extend beyond tﬁe two extreme points on the’

npaper. In the next. to last sentence of ‘the section, the Statement

-~ .

made is not strictly correct for 1ﬁ neglects the factor of

S )
L xyé o e e
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say that the fect of this factor i3 practicaily-ne ligible under
: gllg

non-ideality of the gas. However, it 18 unllkely that any of -the
students wlll pick up :thls subtle point, even 1f the nature ol real

gases has been discussed. If the 1ssue does arise, 1t 1is valild to

the conditions at which the experiment was periormed

f aeem s - - Az —

~Answers_to Exercise 1 | ' .:_.- S
et e o e g e e feam e s e LS e e

1. y-intercept & 3. 2, y intercept N 2. 3/% € y-intercept

(S b, & I3

N -1/2, . I , o - . N

Y ’ . F
3

5.7 From this bection on there are several mathematical concepts

-

‘presented. The tdme sperit on each aection will depend on the dif-

fizulty of the concopts and the ability of.the students. It may be~ '

necessary. to reinforce learning with additional prOblem3°'.C0nsider_'. . ;‘

"able discussion, of text material may also be neceosary It 1is recom-
mended .that suffioient-time be alloWed I'or each sectlon, so that

-the average student will achieve reasonable mastery before prooeed~

P
-

ing to the next section..' ’ v : C Qo E -

: The atudents may recognize and know by name, the -process of . - g

interpolation which is described in this section.. The term is not

e,/

mentioned by name, this being reserved for the fuller treatment pre-'\
,5\ /

'2~sented in a later uection. The bnly inberpolatiena aotually made in

Y
<

B )
operation also being postponed to & more appropriate place in a

this Section and the exercise aregfrom domain to range, the reverse o

1ater section. \Jhe chief purpose of thie section is eimply to est»ﬁ

E ]

abliBh the f,'@ct that the &raph aotual;}y I‘epraaents g f\mCtiona]. - - .~;~.t:...~,.;«-‘_
relation. ‘ T R L R SRR I v . =
Lot _ T ’ : ’ : : Y o iz o '“Ju. ._.. «3_‘;‘
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Answers to Exercise_?

r \* i . .
l. a, b, c, e, g, h represent functions. The students may need

review of the fact that, in order .for a functional relatlion to exlst,
. each element of the domain must have related to it a unique element

of the range, but that the reverse relation heed not exiot

m———— e e s . e [ESSPSYPIY A et e ——————— e . —— e

2' a. f(‘jt "'7~ 1/2) b. (’2: ’\)) . C. ( l/‘2 "3 3/“)
d. (1,2, -2.1/M) e. (1, -11/2) £. (2, 0)
g. (5, ¥3/2) - n. (8 9 : )
. 3.8 " This section may well be the’one that will present the most

;difficulties to the students. It 1s imperétive that the& 1edrn how
to caloulate the value of the slope of a line; angd much clasgroom. v
‘demonstration and additional practici may be necessary to achieve'

this end, = " -

. It 1is sugéestedethat the following method of finding slope be:l.
_taught in class to supplement the text and that it be followed .
consistently, at least'on the outset. In this method the'counting
; . procéss always starts with the change in x and always from left’

‘ to right. Then the change in y.- 1s ‘counted, either up or down
'Las'the case may be. The comparable'subtraction process is to :
' subtract the coordinates of the point on. the 1eft Lrom the coordi- _

'nates of . the point,on ‘the . right, If this method is used and empha— .{_1a

;sized to the students, the following points can be m : (l) the
::change in x 1is always positive, (2) 1f the change ih +y -is;
};ffﬁ-_fcounted upward it isa positive quantityi if downward 1t 1s nega-

| tive—-these designaticns will agree with the pesults obtained ¢ :y

TR the subtraction procesa is employed, (3) the sign of the.’slope e
L T T s N Gl e NP
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will always be correct 1f 1t agrees with the sign cf the change 1in
y.

After the_students'have been thoroughly drilled in the above
standard method,-alternatlve counting processes (there are three
others) ccn,be'introduced,.ir 1t 1s so desired, although this ig’
not recommended However, it mighﬁ be well to show them, using

specific caues, that the same value of the slope is obtained by

R y?—yl yl_y2
the subtraction process wether one uses —— . O ————— .

X5 - Xq " Xy - X5
They should be strongly forewarned against the two common mistakes
made by students in fimding slopes, hamely, scrambling“ the coorgt-

Yo - ¥

nates in the subtraction procéss (that is, setting up ) »
: : X, - X
and inverting the fraction in either process (that is, 1 z

change in - 'x ) ;
change in P

_ It is suggested that ‘a chalkboard demonstration be employed
to show now a line 1is uniquely-determined by 1its slope and one
polntsthrough which it passts. This should be followed by several
.demonstratlons of drawlng a line, given m and b.

setting up

‘e

Answers to Exercise 3 .
t - ' '

1. The values Qf the slopes should be:exact, since they are obtain- ~ '«
The values that the students glve
 for the 'y71ntercépt in the first two cases are subject to some

ed by couniting or calculation,

deviation, sihce they will determine them by reading coordinates

agfin, !

"on graphs. V .
e m b LT . <
- a. . l/2 2 ) i -
. f’bLf—@W.-; ~o/T
' e, =9/5 .7 o s
T * 'd. undefindd none .

o —~ e, 0 ) .
_f#ffT * - -f. undefined none L SRR
S ‘g 0 | ro . o ) R

heo e e
.. 1. undefined | .none ok IR
L , o R o




2 and 3. It 1s quggested that these problems be done on the board
- ' by students and discussed *in order to provide further exposure to

this technique., In problem 3 the attention of the students should
/ be drawn to the fact that the point used to help determine a line

need not be the y-intercept. Thils 1s merely a very convenlient

A
»

*point to’use.

«

o . «
3.9 An important, if subtle, fact-ass soclated with equation (j)
and the corresponting versglons derlived by the students 1s that they
are all ilnaccurate. Equation (2), derived in general terms, is, .
of coursgse, simply a modification“of the Slopg-intﬁrcept form of
the equation of a straight line. The inaccuracy is introduced when
N the substitublons are made for .m and b in equation (2) 1n the -
process of deriving equation (3), for 1t 1is patently impossible to
obtain from the graph.exact coordinates of two points (used to
Vo calculate m) and the exact valud of b. Even i1f the best line has
been drawn through two of\the original ordered palrs obtalned Trom
“the experiment and these ordered palrs are used to calculate m,
the probability of obLaining the exact value of . b from the graph
18 extremely low. Hence%, 1f coordinates of any point on the line
(these, too, probably will rnot be exact!) are substituted for t
and P 1in equation. (3), the left and right members of the result-
ing “equation" will not reduce own to the same number. . The | 7 <
amount of deviation wlll depend upon the accuracy wilth which all
the graph readings have been made. This matter of the inaccuracy
,of the equation 18 not introduced to the student until the next
"section and 1ts full development 18 spread out beyond that up to
_ Ex rcise 6. * Whenever this ppint 1is discussed, the ‘students should
'f‘.' ;_.be reminded that this condition will exist whenever an equation 1s
| derived from graphically-obtalned data and, hence, is quite general-
1y true in the case of equations derived to it. non- idealized '

'physical data. . : - : .
' ' ' -

-+ - 'Only one. form/of equétion of A straight line 1s introduced 1in
this section. However, if 1t 1is desired to.do so, the other forms
may be introduced as supplementary ‘materlal. It will be noted that

S -the general form -of the equation appears, W thout belng named, 1n-

jg‘ff- :specific examples~in the text and p@oblems.l,,‘ ‘

L S L ) : L
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Answers to Exercise ' . .
1. _The followlng answers are based on the answers to problem 1 -
of Exercise 2 Hence, the slopes are exact, but the y-intercepts
in the first two cases @re subjJect to some deviation in the students?
answers., '

= 0 {no slope=intercept - -

e e _..a.._'.__y_a_-l/fex. O SR

b,y = -5/Tx - o/ 7 - ' g. y =0 form)
; c. y = -0/5x . o hy oy =4
d. x = -3 (no slope-intercept 1. x = 2 (no slope-intercept
e. y= 1 ~ form) form)’
2. a. m=-3/2; b = 9/2 d. m=-3/8; b=0

L b. m= 2/5; b=-7/5 .omo= 23/2; b =7/l

c. m= 3/4; b =9/2 f. m= 2/5; b=-7/5

_ . } .
" 3. a and e are parallel (same slopes makes them parallel; dif5
A ferent y-Intercepts makes them distinct lines).

-
’

Y. a and c¢ 1intersect on the y-axis (same y-intercept; dif- T
ferent slopes makes them distinct 1lines). ‘

5. b and f are the same line (wame slope; same y-intercept).

S N\

d 3.10 - In this section the statement 1s made that interpolation in
. an equation permits ‘the. obtaining of more accurate results than are
‘obtalnable by interpolation in'a graph. This 1s entirely true in «
the cauiﬁof purely mathematical eguations, but’ not always true in
" the .case of an equatian which 1is itselfl derived from graphically—
. obtained data. '

When the students extend the line repxesenting the temperature-
. pressure function down to, but not beyond, thé horizontal’ ‘ax1s,. the -
signifizance of -their using only the two upper quadrants can be
‘pointed out, for to extend the 11ne into the region representing _
- negative. pressures would have no physical meaning. E L v

";'fflllf' In this section, there can be introduced if 1t 1s so desired,
' a d15cusaion of aome oy all of the material concerning the deviation

; qof a real gas -at 1ow temperatures from- “the 1deal straight,line. . |

e ;'Thia will give substance to the atatements made 1n the last two -;f-'hif

Q . - . .
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paragraphs of the section.

It will be noted .that all references to interpo]ationrand
extrapolation 1n thils se¢tlon are stlll limited to the process of
o ) . . N
golng from domaln to range.
"
Answers to Lxerclse 5
S o 1.. Student discusslon of limit of the range duc to physical 1ilmlt o

B of low pressure. ' .
2. Lower limlt definlte; upper llmit indefinite.

Je Thc y-1intexrcept, obtalned aipebraically, is -5/3. The stu-
dents can not be stre of thils value if they read their graphs hon-
estly. Thils problem should be used Qp emphaslize the superiority of
a purely mathematlcal equation over the graph of the equation, for

the purpose of interpolation.

. The y-indgrcept, obtained algebralcally, is 2. Ask the
- students"if, even in thils simple case, they could be.-certaln of
the exact value of the y-intercept from the graph alone.

Y The range 18 ali the real numbers between -l and 2.

) S*, . . .
. : RN
3 11 ' Answers to LExerclse o _ ‘
1. Nelther ordered palrils a mcmber ‘of the solutlon set. " Both
points are very close to, but not actually on, the line represented
by the equation, o Sy ’ Co ‘ (f .

-

2. Student review of. much or thespreceding work. At this time, .
there can be a review of the ldeas presented in the commentary
for section 3.9. T ' ' *

! ..
3,12° This section introduces-for the Ffirst time; interpolatioh
froqfrange to domain and goes on from there to develop the point
that -there 1is nothing sacred about the designation of the horizontal.

:-axis_as the x-axis and the vertical axis as the .y-axis. The .
'\.horizontal axls is still-used-to represent elements of the domailn ,
:and the vertical axls ‘elements of the range, .but the domain and - f.
, : range themseIVes'are interchanged, as 1s represented by the inter- _
Tf@;_ ‘change of labels on. the two axes and by a different graph..}Th&~h c

. . Lt
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two cquations are, of course, the %Svernes of'guch other and rep-

resent tane same facts as the graphs., 1t mlght be polnted out that
~the equisalent operation can be performed with the parabola in

Flgure 10 as was peformed with the linear functlon, simply by rota-

ting the entire {igure 900 clockwise. In thls case the functional- .

relatlon no longer exlsts. The students can be led from this to '

the conclusion that only in éases in which 1-1 correspondence
exlsts wlldl the functional relation be preserved when the domailn

and range are lnterchanged..

The remalning major points in the sectlon are the ones which-

- are brougnt out as the answers to problem 2 of Exerclse 7.

.

Answeru to Exercise 7

‘ 1. _x | y(from equation) y | x(from equation)
Ny 1 [, 172
i R .3 -1%/2
2. a. No. -+ N

b. Yeé; the parabola in Figure 10.1s an example.
c. Yes; a horizontal line is an example (y = b),’
d. Yes; a vertical line is an example (x = a).

%.13 If the students have been presented with a considerable

f amount of the information contalned 1n the sclientific background

to the experiment,.lt can be pointed out to them that the absolute’
.zero of.temperatuge'has theoretical validity. This 18 so becausq,

in spite of the fad% that the full length of the extrapolated. por- N

tion of the line does not represent the situation in a real gas,
" the point\of absolute zero was reached by extrapolation frop a

segment of the 11ne.whioh approaches qulte close to ideality. .
Hehce,_this temperature has physilcal significance, fyr it represents

theliero polnt of kinetic energy and i3 the point at'which the
-line would cross the horizontal axis, even if it were obtained
~ experimentally, rather than by extrapolation, and even though, thi '
.illine would not be stralght along its entire length. o '

. ;] Equation (5) offers the students an.opportunity to think

'-.‘about domaln aderange of a physical functlon. - They' should be able

e T L e 46 {
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to get the lower limits as  -273 and O, Pespeetively. In praph-
Ing tho\?T,P) function, make sure the students use the sans ldind
of graph' paper ag they dld for the (t,P) function and that they
use the same scale dimensions. Polnt out to them the usogol the
(b,O) point as a check on their cqnsistenoy of JudgmontGEE to the

best llne. ‘

3 . .
1f 1t is deslired to pursue translation of axes beyond the

text materlal, the compamison of domain and range of ‘the (t,P) -~
function with the domain and range of the (T,P) function should be
worked through in detall and related to the two graphs and two
equations. The students should be made aware that the tran%lation
of the vertical axis resulted 1n a change in the domalin: of the
function but no change in the range. This”change occurs only in
the case of [unctions in which there are llmitations on the domailn
and. range. ’
Y
) " Answers to Exercise 8
1. a. R=F + MoO .
‘b. Student graphs ‘shoulq, show m = 1 -and b = 10060. "
C. Student graphs should shoﬁAE\h 1 and b = 600.
d. S =F + 1060 '
e. 8 =R+ 6003

2. a. F = 9/5C + 32 _—
&, “b, Only the best students will get this .one. ,Thelr answers

" will be R ='9/5k + 3/5 or- K = 9/5R - 1/3. It should be pointed

out to them that the constants used, 273 and 460, are rounded off
vaiuea.and that, if exact valueg had been, used, the equations ;
would be R = 9/5k and k = 5/9R. They will see the logic of this
"if 1t' 1s pointed out that at absolute gero both R and k equal O
and that a grapﬁ of the (R,k) runction will pass through (0,0).

- . et
* - —

. 3.4  This section presents a standard treatment of direct varla-

tion. The only subtle point in the section 1lies in the definition.

. of ratio. It will be noted' that the definition designates the

terms bf a ratio as pure numbers. In true rigor w‘ﬁho not say
that we have a ratio of pressure to temperature, ‘but,- rather, a
AT sl ¥3"Zf : ‘
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ratio of numbers éxpressing measures of' It
not recommended tha£ the oldern Lerminolagzwof &a rate be intro-
“duce 40 represent a quotlent of two unlike quantities, c.g., 10

those two quantities,

N

v mlles/hour, but, rather, that the 10 be thought of as a pure num-
f ber eﬁereqsing the value of the quotient of' a number representing
.a distance 1n miles and a '‘number representing a time in hours,
' Answers Lo hxercise 9 *\\ .
1. a.g_;~§g " d. 1 = ke Do
! ¢ - °- 4 2
b. a =‘kh . vy Vo
c. ¢© c, .
T]-'- = ‘i-rg- 'w.'
- AP ) .
2. 0.394, approximately. The two constants are‘“the reclprocalg
(or multiplicative inverses) of each other, } .
‘ N : .
. 3m-ﬂ y = 2x h
b. y = 1/2x - : . )
. s
b, y =14 1/2 <W
5. /&z =T.5 6‘ ' - - ~"; ‘ -
6. a. Student graph having m =-E— and b = 7. y
1 :
b' P—‘ m(t) + 7o .
.c. t = 487C
d. P % 8.25 1Q/Bq in. ' ’
R ’
. 7- ao Y =, 3x - 8 ,
. b, X =x-8/3
;f c. Y = 3X . &
1 g gment List .

"l Charles' Law apparatus
"1 thermometer, -20 ¢ to 110°
-6 (or more) vessels, at least 1500 ml capaoity, beakers or

L Coe
SN . . - .

metal cans preferable

-

o

large ring , :
classroom set of transparent plaetic rulers

A

ITL548L51t3'i ;:-,:

| 1 electric hot plate or 1 Bunsen burner with 1 ringstand with\
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- EQUIPMENT LIST

Part II _///
_ : _ Chapter 4 ‘ /’ :

- } AN EXPERIMENTAL APPROACH TO LINEAR FUNCTIONS .

Studente are to work 1n groups of four.‘ Each group should o
have the followlng equipment, ) '

1. _‘I_’%Bending Beam
$ Sclence Supply.

- 1 meter stick o \

1 hook welght (50 gram) .

1 hook welght (100 gram)
\ 2 hook welghts (200 gram)
L Local Supply . - ) )
-1 ‘15-1nch flat-silded wooden ruler (1%-1nch wide, % inch
_ thick)_ L . ) . 3
N 3-1inch "C" clamﬁ - . . . —

1 apool,-buttq‘n{hread. ; _ o

y - . .o T /

2. The Fallidg Sphere . | ;

' Sclence Supply _ ' v ‘ o o . »
2 vall pearings,. %;ainch steel = S
‘1. magnet, alniqo horgeshoe (1" X %”) T

.

-Local Supply

1 bottle, olive for equivalent)

A




: 3.+ The Trampoline Experiment

Local §hpp1y

» 1 9-inch aluminum ple giate N
. 6 15-cent balloons, spherical - )
T T 7710 ‘X 24 -1neh sheet bristol board T T ‘"1_' B B
JEPR 1 pound of plastolene .

2 glass marbig\\ . < . .
’_\ -
: 1. desk lamp (or\slige projector) . o :

2 g - inch nylon bearings . ) .

4, Charles’ Law--Teacher Demonstration
’. ' . S i .
) Science. Supply - o

1 Charles' Lay apparatus ' L -
| 2 thermometers, Centigrade (-20° to 110° ) o
e . : melSmmhr . . : o e
o 1 electrical hot plate : Lo :
2 trays of 1Ice cubes ‘

32 sheets frosted acetate (85’ x 11")
‘ (1 sheet per student)




Chapter h “
* AN EXPERIMENTAI, APFROACH TO LINEAR FUNCTIONS

Introduction

-~

— e The purpose..of. this section of .the booklel which_ your students will .  .__._.._l_...

study for the next few weeks 1s to teaeh them some of the fundamental concepts,
of> mathematics regarding linear functions. As. you know, these .are expressione
which involve variables to the- first degree; actually first degree polynomialq'
1n a single variable. ' ) o '/
« The-need for such knowledge can be presented to the students through .{
«~ _ the pﬂysical ‘Bclences. A3 ve tell the students, "The mathemﬂtics will “be ‘
deveihped to meet thewpgilﬁcular needs of a set of experimental situations.”. .
However, after the mathematics is introduced in this manner & ﬁumber;of »

' logical extensions of particular mathemstical structures will be made.

" . in the past,. by telling the student what will take place. The student him-

This approach to mathematics must not be made, as we have done so often

self must encounter_first -hand the experimental situations from which the

ﬁm&hemetics will arise. That is, hé must do the experiments himself, measure

the things which change, record the data in an orderly fashion, and examine
* 1t critically for whatever general relations it shows.

Y Ihe experiments presented here for your students to do have been designed
and performed by sclentists and mathematicians, working as a team, college '
teachers and high school teachers, ‘who feel that this approach to the study
of mathematics has real merit in our attempt to tegach the subject with under-

. standing and interest. - o . ‘ IR
o You, as teachers, will be given the results of these experiments, the

" data we have ‘collected, but the student should be expected to find his own.
. data and make‘his own analysis of 1itJ Thus the results of each team of
‘students as experimenters may be different, but if their work 1is qnpe carefully.
the aifferences should not be too great. Even though differences éxist, the
rebl need for graphing the data collected examining the graphs for definite
ralntions, functions and eqdationa should be apperent. ) :

In this ohapter four experiments are used. Bach results in a linear

. function, but 1llustrates aifferent sspects of this topio. The first ex-
; - periment on The. Loaded Beam investigates what happens . when a beam (a 15- inch

o flexible ruler) ia clgmped to a desk at one end, and loagled with a :_s_eries_ °

e
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of increasing masses at the free end. This gives a series of ordered pairs of

’ : .numbels which are graphed on a coordinate “system. Through discussion, the
student is led to the conclusion that, if other masses had been used, many
othex ordered pairs could have been found ‘and graphed within the. interval

i _of the experiment. This leads finally to a "best straight Line" whichhwill,

i Within the errors of measurement, be a graphiéal representation between the
Lwo variablest load-on the end ot the beam and the resulting detlection of o
the end o# the beam. At thiB point the mathematics of the slope und inter—
cept of the line is introduced, folldowed with a general discussion and p1act1ce
in gf&pnlng linear functions and an introduction t& relations andsfunctions.

i__ A similar procedure will be used in each of the experiments.
) The other experiments on The' Falling Sphere, The-Trampoline and
b Charles's Law will also deal with linear functions, but will gradually in-

troduce additional ideas on this topic.
An outline of the topics included in’the various experiments appears
. . > . N

-

¢ below: . .
~ A, The Loaded Beam ) Y <
" Graphing the Experimental Points B
setting scales - {’ -
| " £illing in the line T . .
~ "best straight line" . . - .
.. "Exercise - . 7 : ’
- Slope and Intercepts _ . d
o/ ©_ slope " |
. “;{7 | - vertical axis intercept _ ' - . -

Lo e y =mx +Db (b = mlL +b) o .
) : . 'interpolation and extrapolation . N '
¢

. Graphing Linear Equations
pbsitive and, negative slopes B ' _ . I

) drawing the line from an equatiqn . g -
. - Relations and Functions _ _ S o K
LT 7”/ domain ‘and range . ' a o '
, - . “generator" o

L 07 definition of a function
f@: A .. v ... vgeometrical conﬂitions of a function

' o ..~ N .' ! : ’
e o _ ~converse of a relation : - .

52'
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. . . )
. . , .
° -
’ geometric condition for the converse of a 1elatlon o .
¢ _ ' -to be a fumction ) ' ’
. e - ’ definition of 1-1 functions
3 ye . :
B. The Falllng Sphere - "
. — \

oo e wromm T _Graph and. the BQUELION..._ .. _Z. . ool e sam s
‘ ngw "braid" . ' '
P best line
-slope
equa};ion, d = mt /
Exercilse /
The Point- Blope Form /!
slope- 1ntercept fbrm, y=mx +b _ _ o
through otrigin, /y = mx ' N /
. elope-intercept on x-axis, ys= ‘m(x - a)
- pbint-eloge easily gives t_heee three as speclal cases
Physical Units R
. standards of masg, length, :til"!le
| undefined quantities  * o N
MKS and British systems ' T ' -
m.thematical Approach to Units '
. " form for elements of set _ .
_ -  miltiplication and dyislon = - . , ' e f
‘ | ) | addition - - .
" ‘units of various iil\.\etrations S VTR )
) ' _.Exerciee L s . |
o .Repla.cement ‘of Unite ' _' B ' . ,' o L ——
. o . three kinds of replacement ' : o e L o
| tebles for MKS and British - S o . B
.- 1llustrative problems _- B ' )

| Exercise

e "_'..-C. .The ’.[‘ra.nmline o - o ' e
A . _ . Function of" Integers L S : -
L - & o no ‘best line, not ‘&’ Qtra.ight line : o . a

_-."_ o other nfunctiona of 1ntegers only - v " - - L.
 Bxeércise AR Y o te. . o S
Mathematica.l Trampoline Moiiel | o : IR
' relation of: he! ht of. boux\ce to previoua bounce S
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“dents fo:l.low directiona carefully.

ordered palys

graph of oygiered palrs'
. slopé' of line )
mean1ug~of slope

length of bounce from, olopc

equation as function of

m

(n, h)

calculating values of bounce
Py limit of domain, extension?
Experimental Extension . e

- crgang,e of constants of experiment -

. Y

nylon to giaas‘ball o ’ .

-
N slope, chauge of lm . R _ .
Exercise “ : o -7 ' :

4 ¢
» 3 ’ -~

Che.rles 8 Law *
Extending the Temperature DomB.;Ln . ) R
definition of extrapolation o

D,

prediction of temperature for (5’_ pressure“ & . .
extend graph to intersect;' horizdntal “axis
Graphical ﬁ‘ranslation' of Coordinate Axes
| ."shift axes,mnot gregh linear shift - S o :
new ayes- X, Y
"slope rema.ins same
horizontel and vertical shifts | : .
shift for Charles's La.w, “new temperature scale
' both axes shifted '
© - sceles e .
ebraic Transla.tion of Coordinate Axes
‘(—c, "d) .
.shifts h. and 'k from $ -~ demlx -c) . R

s s

-lepe form, to

MRS .®
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E Loaded Beam @xperiment R . S L

P

In performing thia experiment md 8ll othere ’. you should have the Btu-
‘.l;hey ahould clamp the ruler onto the desks

firml.y anﬁ with the same djistance extending beyond the desk.each time they do

* the (ie_z_r.pe,rment . The holes

‘Different groups may use -diffe\rent distances..
. 1T e T & . . oY
. R 3 e . - . N .
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bored in the rulers should all be at the same place (1 d1nch from the end).
You may havemt.;o do thisvin the school BllOp., % incli holes uxe aboul. the
r;ght size. 8Since the thread must support up to 3()0 grams, it should be
strong. S,ha‘fl fishing line would be eicellent. I -you use sewing J;h;'ead,
No. 24 or _,im.t,t.on thread would probably be sufi‘icient. Make a loop from a
e Y 5. dnch J:e;lgt_h, -place -it around- the- ruler-and-draw 1t -down through the-—- & o= wrmpee e oo
. hole. The weights may be hung directly on the projecting loop. _ |
All of these things are important because any measurement is subject . .
to error and g_é must be careful not to introduce others.

.

This experiment should be.done by groups of 4 or 5 students.

The equipment needed is listed below: ] i
. . 8 15~ inch flexible wooden rulers T
te 8 _3—.inch C-clamps
. 1 +#pool button thread
* 8. meter sticks :
8  kits-of hooked welights, each 'Lo._c|ontt;.i_n )

_ 1 50-gram, 1 100-gram and 2 200-gram weights
t ’ ’ ¢ '
The following data were collected on four trails for-this experiment.
_These data are listed here on a suggested standard data sheet ~whflch we will
use for all experiments, - If possible, this should be dittoed for. the use

of your students during this course.




v [
A & . i
: Prial 1 Trial 2 Trial 3/ Trial L
Ioad” ' Position. Position Positio Position
1 p . p. . P
(grams) (centimeters) (centimeters) (centimeters) .| (centimeters)
0 20.9 ' 20.1 20.1 20.2
" 30 20.4 20.5 20.4 20.6
60 20.8 20.9 20.9 ,21.0
90 21.3 21.h 21.4 21,5
. . )
¢+ 120 21,7 21.9 " 21.8 21.9. :
© 150 22,1 22.3 223 22.3
180 22.5 * 2.7 22,8 22.7
210 | 22,9 23.2 23.2 23.1
24o- RE-ET S ' 23.6 23.7 7 . 23.6
" 270 23.8 ' - 24,0 oL, 2 24,0
300 “ou,3 2k 2h,6 ol L
L}
.-k - ) .
N H
- &
‘!
‘ - W
Y \.
T -.
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g :
4.2 Graphing the Experimental Points
\
X . : There are & number of items Included in the graphing of these exper-
L, N
i imental points. These are all discussed in the student's text and need not

_ ‘be repeated. However, be sure the students undérstand these. The exercise
e =gt the end of‘thejgnit will help in seging whether the -ideas have been - - --—-———— - -
understood.
Getting the "best straight line" involves assuming it can be drawn
where it ought to be.. Often it will not be too hard to get a line which will
- satisfy the student. Don't put too much stress on this now.  There will be
more practice and the students should learn quickly. '
-The aéﬁompanying graph of the data shows the four trials and has a
"best line" fashed. in. While this will,probably not be the same as many of
-the lines 6btain¢d by members of the class, it will be used to solve some
of the problgms for the teacher which may come up in the exercisgs.

- Answers -to Exerclses, Section 2,2
. C .

1. no, no P

2. The graph would not "fill" the paper and hence the divisions on the .

. 4
axes would have to be shorter. .
.. 10
_ { 'This maekes the graph appear en a'small ¥ .1 *
- ") portion gf the page instead of filling \ 4"
the page. ! N o
I .
"] N
R L. and 5. ,, ' - . ;
- : . - A E : 0 1o | 290 . 300
9 MEBEEE S - g
8, {d ‘
. : ’ . : . v
R} : . B i . *
. 130 ‘ ) 300 e . ) . - {h
L .In heating the iron rod, any reasonable length of time may be used. ' .
*a . . . . .
. . .{;; . ra
. : 6. Have-i%udents 1M this on thelr graph, Fron the graph in No. 5 above, .
: . “:1650 wili ¢orrespond -approximately to _8.29;.’9ﬂ3 will cor;eepohg S o
: . " approximately to- 186°, .. i S L
: T d . : ) . . - : -

‘7. Probably due to 1naccuracyiof measurements or .of graphing_the data,“
. \) - - Lo S . . .

Tl . é;‘%Ai_{57_ :s;;, : :L.
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3 Slope and Intercepts

This will perhaps be the student's first introduction to the concept

of slope as a precise concept. Definlng ihe slope au

™
vertical change
horizontul Lhange

“

will, we thluk, make sense to the student and he will probably be willinb

to accept the statement that the slope of a straight line is a constant. \
.«“The reheon, of course, is thai‘;ku‘any two points thé vertical change and

horizontal dhange are sides of similar right tlianglee and their ratios are

equal. To 11nd the slope of a particular

line, the atudent must choose two specific

points ¢u the line, find their coordinates

by measurement or Lounting squares at this

level. Then by subtractlng the vertical values he will have the vertlcal Lhange

and the horizontal change may also be found by subilraction. If you apply

this to the "best straight 1inef for the Loaded Beam graph above, you may.choose
the points A and B. on the line. A 1is chosen on the load line at 60
and you can determine that the vertical distance to the point is about 20.9.
Hence, the hdriiontal_distance is . 60 and the vertical.disthnce is 20.9.

- The second ppint B has a horizontal distance of 2/0 'and a vertical distance
of 24. The difference in the vertigal distances 1s 24 - 20 9 = 3.1 and
the difference in the horizontal distancee, taken in the same order, is .

270 - 60. = 210, Hence the slope is - B

o " vertical distance = 21 _ o.01n
t horizontal distance ~ 210 ~ ' <

N ! 'The reason that this 13 80 Bmall is that the horizontal distance in-

creases BO much more. rapidly than the vertical dimtance.
The y-intercept, as stated in the- studpn%'ectext, is the point where
the line crosses the y-axis. . In thie_eectien the student will usually read
: this-from the éraph and must see that the coordinates of the point are
(0, b). .To f£ind the equation of the line, he mﬁet be able to see that if
~ this point (o, b) 1is used with an arbitrary point (4, p), which may be
anywhere on the 11ne, he can write an equality which will be the equation
_f of the line in terms of the two variables £ and p and the: two. known -
-~ quantities m:and ‘b, This gives - o
. , L . .pz_m£.+b.

SRS
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On the loaded beam graph the value of b is 20.1.esMence, the equation of W7

" - the "best straight line" is
p = 0.0%¢ + 20.1 ‘T

_ Have your students fipd the equation of their "best straight line." A
a_m.lﬁ_"“_ . ;n order to apply this to aq.uétuei case where he knows the slope 1s .

m = % » 88 in the student's text, he c¢an read from the graph that b = 6,
* v

and know that the coordinates of the y-intercept are - (O, 6). This gives
the equation

p-6 ’ _

r-o L -

To get the {inal equation which appears in the student's text, he must be _ .
able to " ”

N 4

multiply by # A éiB_i_Ql = £k%)
. p -6 =2 -
add 6 p-6+6-= 2{%-+ 6

p = zé— + 6. CRPY:

If the student has not learned these skills with undérstanding, then
you will need to teach ‘them before you can go further. You will recognize .
that this involves the use of both the additive inWerse and the multiplicative
inverse and that the student will have to understand these aspects of the .
real nuuber system before he can go on. . - _ N \ "
The use of "interpolation" here may be confusing to you.® At this ‘point

‘ it is straight line interpolation and it is first done graphically by finding'

: _ the value of Yy on the graph which corresponds to some value of x. For - - l
.'} the scientists these values of the firetdfﬁiiable x must always be between :

those for which he has taken expe}imental data. He must also assure himself
‘that these values have meaning and that he could have made measurements on
_them if he had wanted to. (This 1is not alwaye true. See Experiment C of
-this chapter.) Eor example, he could have placed a load of 50 grams on the
"loaded beam (ruler) and measured the position of the end. After the equation
is available, he may let 3 = 50 and solve for p by a aubatitution process.
" This is fam:llia.r ‘to you a8 & mathematice teacher.
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. em ——-We. know that. it does not. make sense Lo add negatlive louds, though you could

!

.

You and, yéﬁr students sliould-realize by now that the relation expressed
in the ordered pairs, by their graph, and by the "best" li{ne and lts equation,
have definite me&ning only for the interval of measurements made nnd récorded.
We suspect that heavier loads could bave been added, but we also krow that

at some point the ruler will break, or a metal beam might bend permanently.

cont}ive to introduce a force in a negative direction, that is, up lustead
of dowu. Howe#er{ there are limits in all cases and you never know what data
beyond the actual measurements taken will exhibit the same relation as that
taken bgtween‘the'two_variables. Hence, s¢lentists are always cautious about

going beyond the limits of"the data taken. This is called extrapolation.

The pfocedures for predioting valueg ot the other v%riable axe the same as

with interpolétion, but use it éaukibuslja More will be*said about this in

- other experiments. ~ \ .
3 . _ | -
' “\\;; ' ¢ ° Answers to Exercises; Section 2.3\\ - !
~ ~ > - : -! . - .

L2

These problems are!Lo be solved bj reading the coordinates of the points-
and intercepts from thén&&ggres.

1. m(p and q) = % ’ (p and 1)
2, For 22, m =1; for 33, -
Jintercept b =0 - .
3.‘ For 55, m = % For 4 * qm = )
b =0

~

4, Its slope and y-intercept .

1
"'éx) Yy 7 X, y =2
1 1
X = =X —X +
3 ’.y 3% y. 3 .3

N
-
f

1)
#

6. It was the BOBition on the meter stick from which e amount of deflection

- was measured "No,.

h h Graphing Linear Functions . - s
] Ve o : .
This is a mathematical extension of graphing various lipear functions.

' We have followed the practice in mathematics and used x. and y and coor- .

-dinates of - point as (x, y) when neeqed,

nt e have been used in various




orders to find.elopes and the idea of a negative slope is introduced here for

the first time. We have also introduced lines where the calculaled slope 1is

0, (horizontal lines), and lines for which the slope is undefined (vertical
S lines). , The 6¥ﬁ§m:¥deas are explained in the text.

-

Answers to Exercises, Section 2.4

2. 0, slope undefined

‘ 3- (a) and (b) . - ——— " i a .
. o ‘ : -6 -2 -1
. o | . / ] _ \
ol (-6,-3) - 0
I TS EA -1
e . B
(-3, 4 WA (34,4) ;

TTINGER y

Sl Be-b e B ) .
. 2‘
. (-3,-4), 4o St 7T
1} b
[ “ L3 .4‘ ¢
) _3-(¢1) _3+1 b e
Se WMy R cTE Tzt 2’ |
0o (= 8 7 Cmp =Wy, -(73, -9) 48 on the line )
_ Mo = -3 « 1. =I=2 0 ' s ' . S . o
L6 (8) y=3x-25 (b) =-E.x;_.. () y=rx+35 (4) ¥y5-Tx-5
T 4 -0 4 b v, ;)) '
SRR A A S g
gn'~, . 8. The slope would have beeh'negativg._ o o "
LT . ' : T - N, ~roo ' - - s . . i
. - . % o
. .. p a .
\ B )
62 -




] A e e S - - : | A
y - 2 - (-h N
X - '-3 = -l Py x -‘3 = "1 ) -
y-2=-x-3 . y+Uh=ox+3 !
y=-x-1 i Yy = -x -1 '\
P SN 12 =2 -
10. (a) y 5x + 3 (b) y 5 x - b (¢) y 3&' 2
e mmv s s mmrires e meee e e et ——— e maas _.....__.._..‘._..._.._...._.__._... B - D e e = e . . \_ ——— e
. 8 1 ‘ ‘\
(@) ¥y =-gx+6 (€) y=-3x+2 » (£) ¥y =3
o 1 10 . f
ss) Xx=-3 , | (h) y= e +-ﬂr

i 4.5 Relations and Functions

The last Bection‘of this chapter is a careful attempt to show tﬁe students
what is meant by the concepts of Relation and Function. Since these ideas
"o -Will be used many times in later work in this chapter and in more advanced
wor£ in bbth science and mathematics, every effqrt should be made to see that
this section is clearly understood. ' '

" The definition of a function given in the text tells when a given relation

-

Y
\.

is a function, but the graphical methods given for telling this may prove

most uaefui at phia point. The answers to part (d) - (k)‘ of the example

s . in Figure 20 are: .

. - (a) function, (e) not a function, (f) function,
.3

(g) function,* (h) function, (1) not a function,

(J) not a functioﬁ, (k) not a function. . v

‘This exercise is not hard and can be donéJin a few minutes during.class. T
Discuss caiefully the meaning of the converse of a relation given in the

paragraphs following thip exemple. After they have solved the problems in

- the exe;cisé, gspecially number 5, discuss the meaning of rse functions.

. . .- . .
. ‘ . .
- .
.




Ansvwers for Exercisgs, Section 2.5
1. (Solved in text)

« 2., domain (2}, range (3,4,5} relation is in function

For converse: domain {3,4,5), range (2}, converse not a function

3. dommln {3,6 (}, range {3}, relation is a function

[P PR ST . . -

For converse: domaln 1s (3), range {3,6,7), not a function

Ly dowmaln (3,4}, range {6, -2}, not a function

For converse: domaln (6,-2}, range (3,4}, not a function

5 domain (-1,-2,-3), range (-3,-5,-T}, a function

For converse: domain {-3,-5,-T), range (-1,-2,-3}, a function

Most of the points regarding slope, intercept, equation, function, relation,
etc;, will Be.developgd further later in this chapter and in the others.
Hence, while you should not attemptuat.this time to develop these concepts
’coﬁpletely, do be careful not to over-simplify them and give. the students

erroneous or incorrect ideas. Ty
Answers for Exercilses, Section 2.5 ' Co.
1. a. (0,30,60,90,...{3001, [20,20.&,20.8,...,2&.6] R
b. Yes . .
. _ J ‘
2. Yes } . ]

"3. No. They include all of the values of d from 30 . to 300, inclusive
and from 20 to 24,6 1inclusive. ~ .

L. The domain is the same, the range varies elightly R .
. 5. 1 ='£ - E We could have hung enough mass on the beam to give_;he"// .
) desired amount of deflection. ‘

" 6. Yeﬁ. Since a vertical line will notvcut the graph of £ éw-ﬁ - % in
- more than one point, the converse is a function. '

Y
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4.6 mne Falling Sphere Experiment

AY

Though this is an investigation of terminal velocity and the measurements

made are of time and diatance, only after the data has been graphed and ana-
lyzed and the -slope of the “best atraight line" found at the end of B.1 1is "
the idea of velocity introduced.
The "falling sphere" 18 actuall, y ‘a small steel bearing (8 “inch in
diameter') It is used because it reaches its terminal velocity quickly in
Karo syrup a.nd because 1t is attracted to a small umagnet. It can, tlierefore,
be brought- to the surface and positioned properly for the repeaf,ed trials -
used in this experiment. . - o

This experiment will be done by the class working in emali groups of
4 to 95 each. The equipment needed for ‘each group is. . -

small upright glass cylinder (8 inches by 11; inchea)

__steel ball bearing, 8 inch Py

-

-

small magnet
centimeter ruler (19 cm.) _
g metronome from music department S .
Karo syrup (white)
10 paper strips, 1 X lO' inches
cellophane tape B ,
Data for the table of values (’dhese are also ordered pairs of numbers )
is found by measuring the marked tape and by finding time af'ter the sphere
has fallen O séconds, 2 ‘seconds, U geéo_n_d;i, etc. The table of values
found for this -experiment is given in the’ table on the -naxt page. : '

N . . ’ . o)



. THE FALLING SPHERE EXPERIMENT .
w1 Trial 2  priel 3 Prial 4
Time Distance Distance Distance Distance g .
t 4 d d . d - ’
(seconds) | (millimeters) | (millimeters) (rrfillimeters ) | (millimeters) ?C
. = . ¥
0 o, 0 o T \
2 /55 6.5 6.5 6.5 #
" { 11.5 13.5 12.0 15.5 s b o P b o o0
6 20.0 21.0 19.0 23.0 )
8. I 275 27.5 27.0 "30.0
10 . 35.0 3545 34.0 37.5
12 43.5 42,0 40.5 45.0 s
W gl 505 49.5 47.0 52.5 N ©
16 56.0 57.0 54,0 g 590 \O.
18 62.5 655 61.5 67.0
0 o
‘ - -
o~ - oy
) Btoac s ) e
N . " R U ~ " il




k.7 The Graph and the Equation

_ Graphing thé data and the drawing of the "beAt straight line" follows - \
the same procedure as in the Loaded Beam experiment. A difference is that .
the origin, whose coordinates are (0, 0), 1is & point on all the graphs.
SR When the line has been dravn by each student, he can find its slope by
finding the coordinates of one point (tl, dl) on the line, since he already
\ has the point (0, 0).. The coordinates of the point (tl, dl) must be found | .

by measurement or by counting on the student's. giaph. -The slope m which

the student finds will be a number, Usually a fraction., It will be a constant
for his graph, but will differ from his classmates’. h

To find the equation of the line we use agalin the same procedure as in
the Iot::ied Beam experiment. That is, we select an aft‘bi’prary point on the line
.+ with coordinates (t, d). By also using the point ‘(O, 05 the ‘equ.ation _ ’
' comes out easily as ' ] ) '
. d=mt L

where m 1is the student's constant slope. The equation of .the best line

N

. on the grb.ph here is:

1
. d. X )
' Only after this point in the analysis of the data of -the experiment is e ‘
the velocity mentioned. The discovery that the plope of the line represents B
the termina,l velocity of the falling ball bearing should emphasize .& meaning : \ K
- of the slope not often encountered in the mathematics cladsroom. Aa 1ndicated -

in the stugsnt's text, this will be discussed more. fully in Section B3 o
on Physical Units. D , ) D SR

SLcial Note. Have each student save both Mis data sheet and his graph for
'

-all experiments ‘done. * These will be necegsary to solve exercises in this -
chapter and in later chapters, (You may want to take them up %ﬁ store them.) '

.~ et ° .

/’ . ._ . - r ] . - Lo -~ - | - . - , . . N .
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. » e ) ? " %
T ¢ " 1 .
- - 1 ‘ i oy
| Exercise . ; R . -\
8
. . The purpose of.the first two problems in this exercise is to g,ive alternate

ways to\ind the best ‘straight line from the data already colle(,ted.
N3

il

-.......‘.‘_x-.._..._.._.__.._. .__...._._'; - .l' .t. R I/ . PRI .'~ e -
-~ \’ . - -
& ' , 2 I )
L. .2 , ‘ , 171
. _ » ‘ — . %1 ” . ;_._'._ i
[} 5 — v 2 T S
1]
: 2 o S ,
oot T2 % .
" The slopes are the same because slope is defined by
’ ' m e Vertical distance . ' .o
. Horizonta istances” ) _ " )
s s . -« . 1 . l,l. “ . ‘ . . . " .
Hence the:glope of £ in both cases s m = T 1., _
fe * - [ . .
5., Problem 5 introduces for the first time degative ;ooordinates. This
may not be clea:r to the students, but let them think about 4t for a while..
- - Actually the diste.nces Were measured in a downward di’rection. By using a.
pulley arrangement in the Loaded Beam experiment, the beap could hava been

A -~ . pulled upwards, which is oppoaite to the action in the experiment. .You might )

= . we.nt. to su§gest '{;his va.riati‘nn to the experiment to some of your bet‘t.er sfudents.

«* ‘I'he graph of‘ this, problem appears belqg L 1‘-_-‘ |

ST, \ AN Y N TN MY T T N WOV S B S I
. ' ,."Iﬁble for No. 5. P 2. 4 6 8 10 128 1% |
| \ - oy 1 - ¥

e | Ltime distence. -10 1 |- | S .
: - ' 0 A 0 18 N N O

-‘-.. _ : o) -6.5 v 2.0 N :

..:':“: N [l h o —13.5 ) i R -~ z "

) “};3:" . - 8 =275 .- >l q . T IR '
/:i‘::% ’ - Lo ) lro . —35 .5 ) hﬂa’o 4+ + 4 - 1 i I I
LB - 12 k2.0 17 y B ,5_____ b ]

RO 14 ' '-_1;9,5 ¢ ’ N ) L §
S e 16 1 -57.0 ~-‘+O._ S - q - | 4
1 P AR N
e “The, slope 48 m = -3,6 7 . . 50.- {L‘{ B
N . - ) X i Al ; N
- . . The velooity 1s in a downward direction, . i "'eI,._! L N
= - BN
e - ST T B0 =
‘ll:\ ¥ * . -70 : ‘
-~ . .',‘ . - . 69 . A
» . - - L ~.
A v S * ' i 7 6 e 7 ' s

¢ . . R
roeed . o . L ot
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L.8 e Point-Slope Form ’
. This section is a4 mathemat.ical developmenL of" the various Ign'mé for the
equation of a stralght [ine culminating with the point-slope form. A brier
. development shows how the special torms can be quickly derived from the point -
e e BlOpe form.. . Fer. example,.if.one of the points is (0, 0), -~then —
a y = d =m(x - ¢)
N . . yv
B becomes . . WY - d=m(x - 0)
) . oy
or y r.mx, ) v .
. ~ . \ M
» . , the line which passes through the or i‘giu. - . o
; - . . ’ el ;vt— -
* .. Exercises for 2.8 T . T VO
1 ‘and 2. .‘In .tl'xese problems the students will® ha\}e to calculate thegslope N
first using the coordinatea\\oi the two innts read from the glaph. Thep by -
_ the use of this slope and ong of the given points togethel with an arbitrary . # .
* point (x, y) the equation may be written in the point, alope form o-r in one ”
of the special forms wheh it applies to the particular line. For exgmple, 7
for line 12 the given pO.Lnts R aqd S have Lhe-_-coordigates ) (3; 2) ’ &
" and (12‘, 7). Hen&e the slope is - S ’ - \',_.\ o
: e : . SRR, N
’ Ty _ 7 -2 __‘2 . - . AN
- e BTG g )
. : s 5. gy f-,.x ' o
. Using the point . (3} 2) with m = G » the poig “Klope form gives. .
) . ca : . . ’ o 3
o : _A : - . '_,. L;_e-si . '. PP . .
: : . x -3 9. . . e # ‘ : .
. 9y - 18 =5x-15. . .. 0
_ . 5k« 9y =3 T T
Using (12, 7) L . _ L L
R T At Q) | *
ST S Lo e S x-12 9 N
. , . .-. o _.. - - . i » ] . ':' . Ll - . .
. " oor ST : - 5% ¢ 9y = -3 T e ' ‘v
v 3. ' #he reason for this problem is to show that the intercept may be found _
. from the equation and ,that we do not have to depend on reading these from e . ;

the graph. S.E this graph has Bcalee instead of. a.xes, it :i.s not. poasible to - - )
» read the intercepts on the graph. 'Ih% proced_m_‘_e, of course, is .f:.o substitute T

. w" . . . B . . . AN © . )
- P . . e .
o » - : 5. L o ‘ L.

E
-
-
b
i




0O ftor x in the equation and solve tor ¥, - then substitute 0 tor vy
- 1 L
and solve for x. lFor ﬂb the equationsip y ~~—f§x t —%J , Lhe x-inlercept
. s 70 =
fe (Sfew, O) und the y-intgreept ju (v, )
. v
o X
- Ao The' student might have to meavure the Looadlnalcu tor Lh( point scelectaed.
'IhL, may be done by u)untlny squares iU the llne crosses at an Inlersection,

Ye ¥ 73X - ]8, m = 3, y~inLercepL number 18

y = -2x t by m= -2, y—intercept sumber h
y = %x -1 = % ,  y-fntercept number -12
Ll ~
y = -hx = 12.5%), m = ~h, y-intercept number -12.9 s -N
b | t
. *” Physical Units ) -

This suggestion of introducimg physical units in the meihemd%ics class-
room is against recent %rends inﬁghu teaching of mathematics. Xlementary
arithmetic and alg®ra have been devefoped*by the use of the real number-
sYstem with the basic opergtion% of’ addltion and subtrabtinn. 1t is true that
\ the other systems-and‘other operations aie Introduced prlefly, but this heas
been'donc 50 that the real number system will be undersfood. .
. There is good reason for writing open sentences and equations in terms
of" the resl numbers. ' 'The properties of this system are clear and conclise
and not, too diftdcult for children to understand and use. Thls enables . * -
_us to be sureféhat eur ;esults are reasonable and mathematically sound. \\j>
Recent writers of mathematics text books for the. schools. have kept the real
e pumber eystem and 1te'propertlee closely in mind 'and have succeeded well in '
conforming to this pattern. When they have needed physical units infthe
comparatively few problems which have been used to iLlustrate open sentences
and equations,_it has been suggested éhat chjldren think of the number of
. s&ch?dniﬁs rather then the units themselves. When the solution of such an
1.&~ equation has been found, then the student is -expected to recall the)various
. units 1rivolved with these numbers and assign a single or a compound unit to,—
) the answers The answer to the prqblem is then such units us 30 pounds per .
7 square inch, ‘50 feet per eecond and so forth. o ' .‘ .
: .This is not considered adequdte for the physical sciences. .Hence,
_tradltion&lly mathematicians and scientipts have ssolved problems dlflerently.
,”The scientists have consldered the use of units’ neceasaay for a proper
understanding of the physical situations which can be stated in mathematical
.form. The mathematicians hava noo'conuidered this a serious problem and heyce
Students-hgvg been caonfuséd. At least at the elementary leV@l, no simple -

- .
.
. N ”*
U ..

e




set, ot basle principles ot detintue o system ot utt} L orand Lhe operattons
needed toer them has been avallable to Lhe students i Leachers,
Yot the solution of this teaching problem To simples 1L s popsible to ;
define phybluxl Luutu s o sel o clements with three (or rive) undetined
Lerms. " Under un operdat idn of "multipl i<.zxtu)11,' signiticd by the symbol @,
vooand not unttke multiplication with real nunbers, Lhin form: an abelinn group,

e e e .. . L e . - . . . g .
' .. . . v ema aema
‘¥his Is deseribed more curefully below. :

.10 A Mathgmotical Approuth to Units and Dimensions.

P

It will now be shown that all physical meauurvmont,s in n single systew
ol' unils are the elements of a s xngle set whl(h forms a group, under a rlven
operation of multiplication. 'This set. not only includes the standards for
lenpthy, mass 'and time, bul all the physicaltguantitics that ere derivable
from these three undetined quuntities. A (‘/ew of the derived quurll,i'l,leqarc
.i‘orce, velocily, acceleration, density, momentum and energy. The set could |
be expanded to inc¢lude the standards of temperature and eleclric 'churge,
but this will not be done in the treatment that follows. v
Physical quantities expressed in the meter-kilogrum-second (MKS) system
of units ure the eclements o# one group, while the- British system of units
© const itutes yet another group. '
Although wany of the mathemalical (.iertajls of the following de“veLopment ' .
wlill not conc&rn the student directly, it, is thought best to preslent the

notion of physical quantitlies as wembers of a group” In a rather formal way:

»

Eet the elements of a set U 'be .
B .. o r . v .
’ : q & u
nL* M~ T

o~ : " ywheréh n 1s a real number £ O, .
p, 9, T, 8, t, u are integers,

“ T " amd g, 8, u f O.

*
° The symbols L, M and T refer.to the standards of length, mass and tilme.
In the MKS system of ungts, % ~ meter, . M ~ kilogram and, T ~ second., (dn . ;"

the British pyctem ot‘ units, L ~ foot, M ~ slug, and 1 ~ pecond., Using

this notation, a Length such a8 5.4 meters would be written .4 1,00,
1 .

An accelelatlon such ag 0. (meter would be written O. an Mo‘l‘ ("). Also, & -
o . see” : ' -
- . R . . s .
. : _ : e _ 1 -2 v
force (F = ma) of 12 newtons would be written J2 L Ml‘l‘ <. ‘'The real. ' , °

0,00 : - .
numbers are also elements of the set; 1 L'MT:- I8 1, 5.3 LMT =5.3,

\‘1 ( ! . N . . . o R . ,(2.

O




Let a binary operutlion of "multiplication,” «ymbollsed by "(:2 -
be delined ac tollown:

t ‘.l 1. P }\t I ’.l [

P Y 1

= = - L » .
'n.L.q M TY 7~ « n'Lq' M 5! T'“' nnlL® q! M ut ""‘.‘-.l u!

Clearly, the operation exhibits closure and yichds a unique product.

The set is a group U (Munits" proup) wilh respect to the mutiplication

operatjon Indlcated above becegypue the followlng propertices are salicfied. h
(i) 1t a, b, ¢ are any clcments ol U, then
(a @V)@c=a® (L ) (associative law)
(11) There exisls an clement ¢ -of .U such that
c® a=a® e=n
" for every element u of U, (exlstence of an l(iél]tit}l)
: - 0 '
We have e = 1 LOMOT .
(1i1) For cvery element a of U, there exlsts an element x of U
..'/_,ﬁuuh that. - . ‘ }

(existence of luverses)

i
]

s Lo n®';c=x®a

. poor t .
. We have, for a = nLq-- Ms T u . ?/
v

' | oos L
X o= J1 4 5 w

_ FLeMeT ,
. Further, for every & and b in U

- a @ b=b @ a ' (commutat lve property)

-U is therefore an abelian group. - \ R

One final prope;&y of physical quantities is required. It is contained
in the followink definition:

»  .Definitliont For any two elements in the group

1 E _t W

ST r X poor t
nLq Mrs Tu ® nqu M.) Tu - n'+n Lfl Ms'Tu

The above definition serves to define the operation "@®" which can
_Be applié_d 1f and only it the values of % 3 —E and 5 are the tf'u.me I'Qr both
elements. Notice that in the sp'ecial. case where n + n* = 0, ‘the swm is not
“an element: of the group. Otherwise, the oyef'aiti.on " @" gives closure, aud.

- <
in all cases ylelds.a unlque "sum,"

A

\\



Theorem. Tt a, b, ¢ are cltements ot U,  then

n ® (L @ ) (a ® b) @ (a0 ® ¢) (distributlve law)

iere the operntion "M™  ts defined by the definition,  As o consequence,

the "MD" opcration indleated ‘on’ the rlpght’ above fs proper whenever the

RN operatlon on Lhe Lefl i proper.s. o other lunguage, L0 L oand g

-have the same unitls, the units off ® b will be the same s those of

a @ c.
The mathematical basis for the treatment of physical propertics is im-

)

portant In the following ways: . _ /

1. . The detinition of' the elements of theé group focuses attention upon a

. aingle system of units.

’

2. The operation "(X" 1is one which always yields another element of the

same proup. 1f, for example, MKS -unlts are strictly adhered to, all
"

new quantities encountered must be MKS quantities. S
3.  The operation """ 1is the one actually performed in science when
"hybrid" units such as ft. 1b., meter soc_‘2 and slug tt. sec_d. are
obtained. -
- { - -
.4, The operation - "(®" allows one to add feet to feet, kg to kg, and newton

meter to newton meter. This operation permits one to obtain 0, a
sltuation often encountered in physical situations, but O is not an
element of the group and " " has no mathematigal or physical meaning

for it. . .

5. ‘Division in physical situations can be considered in the seme monner as
in mathematics. Division is multiplication by an inverse. That is,

-2 . 1
meter sec Is the same as —— . sec.
: meter

T

6. 'Ihe distrlbutive law is not reamlly necessary for ihe anslysls of physical
situations. 1In all cases the addition operation "@" could be performed
prior to the one of* multiplication. o

.- . -~ )
T ~ Conversion of units may be performed without conslidering millimeters

as an element in the MKS group, nor ounces in the British group.
‘"Millimeters" and "ounces" may be taken as different nemes for elements

tHat are in these groups. Tdentity is then expressed as mm = -]_.615(—5 meter,

S
100 ,
used simply to replace mm, cm and km whenever they -are encountered,

by its equivalent--an eiemen_t in the groul_)}_ To get out of the grouyp, one

met'er.and km = 1000 meter. A con_vérs lon table of this.form is .




. /

would require identlies in the form 1000 mn = 1 meter, 100 cm =1 meter

%066 km = L meter. Notice thal no algebraic monipulations are
required in either procedure,

and
This toplc will almost certainly appear strange to the mathematics student,
He may even think that it is nol sound mathematically. However, it is sound .
-~ ——- -and perhaps you can cohnvince -him of this by presenbing to hik, or having_ him. ..
recall, certain systemg which' use only a subset of the real numbers, like the
whole numbers, the even numbers, numbers modulo 12, or "clock" numbers. Also

other definitions of addition or multiplication can be used as effectively

-3

»

as the ordinaxry ones.

B
Answers for kxerclises, Section 2,10
1. 12 kg meter; 13 -gé-%— ;15 meters; 10 me‘t,eer HE Ry Mgtﬂ 3 5.4 sec
. B?C sec e
" 2. 5 mew; ; 1.8 meter Kg; no anss; 1.6 metgr 3 No ansver
sec Kg .
3. The unit of C 1B Kg; the unit of d is meter; the unit of m 1is “x%

.. k., ‘The unit of C 1is sec; the unit of d 1is inch, the urit of - m 1is

inch '
- sec ' _
5. The unit of slope is m meter or m, & real number. i
_ - 2 meter - :
-8l .
. 6., The unit of x is %t— ;  the unit _of b -is sl.
k.11 Replacement of Units N

The purpose of this section is to teach the student how to replace units
':wr-itten with various units within the MKS system into the standard units of
- meter, kilogram and second. This is done by the use of tablés. A similar
table is included' for the British system. Hence you will want your students

* to change millimeters into meters and kilometers into meters, etc. The answers

to the problems of Exercise B.4 are: _ . =
1, 86 m = 0.086 meter; 1700 m; 1.5 Kg. 0.0073 ;",g_g.g;{ 5 2600 melt(zr ;
2 ) ' . .
Kg . meter : . ) . . ,
0.0000057 sec ’ 219 Kg -
L PR B VA - NN s T slug . .- £t slug _
2.' ' aem CEAE . _2 .f.t ’ 9.536 sec ’ O~'001f5 sec ' 0.0067 BecQ > -
Lo ' .
M slug ‘
ft -~ 'y
75




L, 1.9 'nmter, 0.0522 Kg, no aunswer (can't add)

191t
ec ' 129 wec

5 1(6 -

4.12 ‘he Trafpoline Experiment
r
This experiment deals with data which is not linear in character, but which

éan be can be analysed by the use of derived date which is linear. This will
present problems to both the student and the teacher. lowever, the explanation
given here with that in the studentts text book should be sufficlient.

. This experiment will be perforﬁed hy the teacher as a class demonstration.
You will need to use Btu&ent help to do the experiment. The equipment needed

will be:

. 9-inch aluminum ple plate
15-cent balloons, spherical
10 X 2h-inch sheet bristol board

L

1
6
1
1  pound of plastolene
2 glass marbles

1

desk lamp (or slide. proJector)
[
+2 é - inch nylon bearings

L 4

4,13 Functions of Integers

The results of this experiment, when graphed on coordinate paper in,
Figure 3 indicate clearly that the points do not lie in’EﬂstraigHt line.
~ ~While this iBaINﬁTeCtly good graph and has an equation, the ordered pairs
for the graph are single points and the use of the equation, if the studertts
could find 1it, 1is beyond this present level of mathematical knowledge.

Certainly it is not a linear function as the chapter heading indic&tes. %

A

The date. obtained for this experiment,and the graph of the data is included
1n'Figur¢ 1 and Figure 2. ) ‘ .

e

© e e e el s e



THE TRAMPOLINE

Bounce Average Corrected
number “Helgnt'in em (h) v helght height
n trial 1 trial 2 trial 3 trial b h h ho
0 50.1  (obtained from shadow) 150.1 6.0 &9.5
1 W5 - Bh5 0 Wb b3 WY 40.3 .2
2 38.3 . 38.2 38,2 38,4 38.3 34,2 21.7
3 31.9 "31.8 - 31.8 31.8 31.8 Q1.7 23.0
- 27.3 -26.8 27.0 212 Ea 23.0 . 19.7
3 23.8 C23.7 23.9 23.6 23.8 197 17.0
-6 21.3 21.1 21.0 21.0 1.1 17.0 - 15.5
T 19.2 19.3 19.5 20.3 19.6 15.5 ~13.0
8- 17.3 16.8 . 17.3 T16.9 1.1 13.0 11.0
9 15.1 - - 1b.9 1L.8 15.5 15.1 ° 11.0 9.0
10 " 13.8 11,2 13,7 4+ 13.8 13,1 9.0
' iy
: - ' T .: _ obtained
%~igch nylon bearing (diam. 1.4 e¢m) ' 1 . by
' light source =~ 4 meter distant . ' B _ "\ subtracting °
' : . S B L.l em

Cw

Figure 1

. Calculated

heights

h

n+l

NYLON
BALL

LT
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2. Yes. lach number n (o, 1, 2, 3, etc.) gives a unlque corresponding

'Ewould.appegr again as -in Figure l. et .

\,"/ )

Answers for Ekxepcises after .13
1. No. . 'The bounce height ovcuyb once, and once only, ror each integral

number 0,1, 2, 3 etc. ﬂheTe is not such thing as a bounce numnber .% .

“height h.

N -

3. Yes, for greater than 10, but the height will be harder to measure. .
As n lncreases, the bounce heights become more difficult to measure.

Furthermore the bounces soon stop!

4., Data for this could be best collected from local newspapers. Almanacs
and chlendars include.gencral i{nformation for some time zones ‘and these
times are not usually true locally. Such times for special localities

" are usually given in T.V. weather broadcasté. ° ¢

b 1h Mathematical Trampoline Model

Hence at this point we look more closely at the data and try to flud
some representation which does yield a straight line graph. Fortunately in
this case we succeed quickly, but in later attempts 1t will not be as easy

or as successful.,
We suspect that there is a relation between the height to which the ball -

bounces and the heigﬂt to which it bounced the time before. With the data

~ already collected we are able to make a table of values for each height and

the succeeding bounce, which is actually the next bounce. The tablg, which

18 written in the student's text as the ordered pairs _ : .
(ho’ hl)

h2)

(h?: h3) . . M
] : - ¢ 4 .
etc. ’ .
has the following ordered pairs from the data presented earlier from the ex~
periment done by the writing team. (See Figure 1.) ;
. If these ordered ‘pairs are arranged in a table we can consider the first

elemcnts_asﬂbeing reprgsented by hn and the second by . hn+l and the table




These were used in plotting the pointes l'(;‘thc rraph in Fipuare oo the
student's text. When t;ley use their own data this may be sliphtly different,
In this case 1t is also possible t,'q 111 in the points on the Line by
o e vary log the helght. from which the bull is. &Ll.'s)l)l'\;(ls. 1he slope must be obluined

by measuring distances for the coordingtes of Lwo point.s on Lhe line. For

. - .
exampke, when hn = 50, hn+1; 22.% and when hrl . 20, hnel 1549, henee
~ the slope is :
<
Iy 2
m = = .86
and the equation of the line is o - -
“h = 0.86 b .
K N L5 . n

-

. 1f the equation is written in the form

hn*l = m}.n . . . i .
. 2 .
then . “
L .
’ - . m = n+l
. A T
LT n

. ~

to B 'S
This will enable us -to delermine all of the bounce heiphts n Lerme of the

\ bo(mce number and the height of the previous bounce--or more simply, in terms

s

of the number n and the original height from which tht ball was dropped.

-

I'I'he data table in C.l1 could have been written in the {form

n h » -
* 0 me50
. i 5
-1 m(m=50) "= m"+50
-2 m550
)' -
3 m‘-f)'O
3 ° . . *
. n- . mn. 150
’ -

The result of this 1s the 'equgtion glven in the student's text -

n+l
hn+l =m ho .

1]

Sinde m 1s constant (as shown by the stralght line graph, Figﬁre 34) for
a given trafnpOline system, a nylon ball, kind of ballopn, etc., the vuriab}es
ére n and ~h_, and the equation 1s ohe with a variable in the exponemt. Tt

4




s certafiuly not linear and is restricted to a purticular domgin, but we have
Been able to find the equation by the use of our knowledge 6f\ inegr f'unctions.
This deveiopment and use ot the linear fgnctl9u will certa ﬁLy be strange

Lo the. secondary mathematics tuuchc¥f:.Tha_procedure.ia uoL.IumL¢§3m”LQ wost, .
mathematics students, even at ithe college level, though applied mathemsticians
and Bcientiﬂté have found it wvwery aseful. However, there seems to be no reason
why secondary students should hot be able to understand what has been dbné
and"rfcognize its usefulness. The procedure will bg Qsed again in succeeding
chapters with vafying degrees of success. 1t is considered that tﬁis knowlLedge
will be extremely useful to students as they go into science courses at

higher levels.

415 pxperimental Extension

This section is self{-explanatory and will give the students the ldea

that the results of a scientific dxperiment change when the conditions under

which déta is collected vary.
* Ixercises . .

1. This refereito the student's counteipart of Iigure 34 in the text. .
The domein b~ will be approximately 6 < h <50 "and the range
..h 1 5 < hn+1 < 40, (Ihe gtudents’ measurement s’ may varxry qonsiderably.)
. n — 1 — _ .
- The domain and range of the mathematical equation representing this data

cannot safely be extended too far {rom the expcyimental data.

2.. For h =10 . c For h_ =50 .
n "h n h
o0 0-f 50 T .
R 1 . e ‘
2| 2 | 1.5
Ll 31 6.5
31 L 1
R . . -é ,
g b | ,
L . fiE;:B
‘ ‘ - N S RS .- 82 },4'}. e L .. " . _,
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N - ..*. # ‘
¢
.:l' i ’ .
' A‘HE TRAMPOLINE , - ]
Bounce ’ Average Corrected . ) P
" number Hei ht_' in cm (h) 1  height height
n Trial 1, [“Irial 2. | Irial 3 ~h _gfhn - i
v N . i
0 - 50.2 50.2 46.1 .
o . 1
2 h5.3 SR 45,5 45 .4 Tul.3 o .
A nis P w13 412 4.3 57.2 :
-6 371.2 30k *37.0 37.2 33.1
. ) - * n
8 " 3e.h 324 32.4 32.4 28.3 .
* 10 e .ﬂﬁ ) 31.1 .30.6_ P 39.8 26,7 Y
. - o { . »
. v
. A . .
N Calculations not#carried farther
’. N h ) ,_ ’ ) .
. . because 2 yilelds the square 7 )
? ' g hn : .
. of the slopé m obtained with nylong ball. Y, ) . .
l e o RO @LASS
N - s, MARBLE
- . = .. ' ’ ) ) . -
\ --DATA DISPLAYED " ON (n,h) “PLOT-- . . g o Co.
'- . . V : ' * . kY " ’ \. - i
. .. FIGURE, k4 . *
sy A, - . . i . . W )
Fl ) ) . 84 ¥ ‘
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la.l(_5 Charles' Law Experiment

> »~

This experlment will deal with . the change In pressure of an enclosed

_'-pas ord inary :111‘) V8. t,he temperature.  However, we shall be

.

Q

“ERIC

-

lation gf\QstQoordlndte axes. - )
) * Because Of the expense of the equipment and the tact that hot water 1s '

‘tm,erested in this experimeni, because Lheve 10 some physical meaning tov the

extension oi the domain (the temperature ) bvyond the expuhuentul data collected

-

apd the accompanying mathematical concepts Of praphical -and alyebraic trons-

. -

. L
used, this experiment will Le done by the teacher as a°cluss demonstration.

‘You wild need\to hqvé a fow students assist you In the cxpcxyimc:nt. The

equlpment m.eded is:

" A Charles Léw apparatus ‘: ..?-'
“Centigr ade thermometer ”
, Vessel Lo-r water o -~
M A _source of hol water- - ’
Ice ‘

Heater to raise-water to 100 dervees C (optional)
) Ring.stand to hold apparatus (opt, tonal) .
Data for the table of valyes (tenxpcrature, pxe‘;sure) will be read by the
exper imem,ers gnd should be copled on the chalkboard and by ench student ln

the class. The table of values found in this" experimen'h is given on Lhe

following page. - ~ Y . .
d - . 0 - /
- 4 y
'
»
. L
et o
: =
" * ©

- . . i-

S 1"‘ . ,

- ~
LIRS . -~
v . r
- L‘t - (0
b - hd . TR} -
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- ’ ) ..
»
r
._0
. u 24

&
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CHARLESGS' LAW
<
Terp . Pressure : -
(°) © | (ws/in®)
i -
99.4% 18.0 == boiling water
o B 17.6 - /
5.5 17.2 A
-
69.9 16.4 '
‘.
9959 140
by o 15.6 v
72 I 15.0 A
2.5 14,6 "
21.0 cfp o
' oy ‘
.. ) [ad : -
10.5 3 13.8 — ,
1.2 1324 i ice mixtuie i . .
o ) e hd B
guage . J - X . ‘9
‘ ' W
' tapved gently . v
' before,each ° . . : “
reading. e :
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Each sdudent will then 63‘£§ﬂ1 thio data on a coordinate systoem wsing the
appropriate scales. He should then be ab¥e to draw his best otroipht Tine
as has been done in the olther experiments. .

The sludenls should uléo be ghlg,ﬁq,wr}tc the cquation off the line
gulckly by the use of the point-slope torm or perhupu\by the slope-intercept

torm it you were able to reduce the temperaturc to. O degrees C In the ex-

-

periment.

v Y For the data given above, the graph éppeara on the ftollowlng papc.
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<
A best straight line léadruwg e Lo slope 1n found by Lthe uee o the

points M and N Lo be ) .

\,
) l(). U - e 1eiY
m = s o o U.b__)

1 (c, P) represents any arbitrary point on the line, WO miy \wse the

point | M (hO,-lb.?b) to wrile the equalion of the line

-

P - 15.2, = 0.0, (C - 10)

A5 =[O.QjC - 2.
. ¥ -Y. .
No exercise 15 given al this point because we are more Interested in the

possibliity of- extendlinyg the range of thefdomain and vange ol the gunetion.

h.1l{ Extending the Temperature Domain

The idea of interpolation is ﬂhﬂguﬂytq>ag&ip here and some problems /
at tLhe end of the section on this experiment as well as on preceeding ones

are included. However, the idea of extrupolution is emphasized more, Lhough

_still with some_ caution. There are apparent physjcal limits In the other
experiments vhich are more easily reqounlzed. ‘Ihese Limits must be considered

by the students in solving thé exercises.

Slnce it makes more sense to exLend ithe domain and hence the (1aph ui

-Chaxleb s Law to the left, we do so and are able to arrive at a tenmoxatune

for zero prepsu{& which is' ‘approximately the abeolute zero which sclentists

know 1s slightly lower tﬁan -273 deprees C. Perhaps the students have also

'heard of this "magic" temperaturé.

) 3

e Answersito Exercises after 2.17

L. No predic'tions are pﬁble,‘ because this value of 4 "is not in the domain

of the funct,ioﬁ’. e

2 3,51 . R LA -

®.3, uﬁme are: a stronger beam, the same beam Lwned on its edge, a!sho%ter'~
beam. 2 : . ) o
- LY \ E - . . :
k. None,-this is not in-the domain ot the. function. ST
&> & ’ - .- - . _'.'. oo *

5. d=4t, —wd = (L”O) k20 : S S T

6. Some are: .extending the 1ength of the glass veSSeL, decrcasinb the rolative-.
~weight.o’f ‘the sphere, 1ncrea§i g‘the.viscositx.of the liquid. ~:  'I-73}iw



“113 Graphical Translation ol Coordinate Axes .

LocJTranslating axes by e uwce of | Lhe sheetl ofl LlosLmL acetate, one ol whiclhi. _
will be furnished for each student, is not difficult and will of'ten help Lhc“
student Lo simplify the equation of the line and the orientation of the graph.
We will also use translation of axes in later experiments which will ydeld
quadratic functions. Before the acetate shee.t‘,s are passed oul the teacher
t_should draw a setl of coordlitite axes in the middle of each sheet. Use a

heavy ‘ball-point pefs Do not write any number ox sgtales on the sheet, Students
' will write these with a pencil since they can then be easily ervrased. .

While it- is possible to position the new axes in an)-f manner whatsoever,
(i.e., they can be translated and rotated) translatlion horizontally and
vertically will be sxli’fic[ent 1‘0-1‘) our purposes,

The amount and dil(:‘(.tl()nﬂgi Lra!}lplat,lon may be purely arbitrary but thll
we use this on graphs based qft L Fefice cxpu mé nt,s 1h;‘ physical situation

usually suggests a “natural ‘&&uggxtlon tfor the new &Xes. For example, when

dealing with Charles's Law it wi ll be the polnt at which the pressure is zero. The

only way the student will {S)e able Lo’ a'pproxgmite this point wlll be tovextend

hl_S graplr Lo the left until it crosses the temperature-axis (not~included

n- his original graph). " It this point of 2ero pressure 1is. near to - 2?3 .'

degrees on the C-axis (between -260° degrees C and - —"8‘5 degreea c): L L

-_awill be ClOoe enough. ‘l'he' equation in the new egor_chne@e dystcm will obviousiy' -

be 1n the form.

\ | _ - : . . .
: - . : y = mx - L o : :
y . Answers to kxercises at the end of 2.18 .- o
. a - . 4 - 3 .. see . . y . : . \0;
1. -y =0, (-)]_)‘ +. c..O l o . e Y . . -

,2 Have the - meter stick placed 80 %léxe end of the beam coincides with_. 0

_ :. on the. stick. - g ' -
» - ' e - o L o . - -
T 1 T D PR S e h
ne y=§;:s-<w-wcza¢3q; @9 iaee -
R by (a) ¥ = "3 XKoL (b) VEERX LT ’ (c) =rg .
’ N . VIV.- .. - .-_ . '. - -' N AR - - ) . . *- V ‘\ -~
: ] PR R R <0
v “ . o _‘-,"- . . ..-' .-‘6
- ? I: 3 = j..:' 91 wE ' . *
A ' Bo. . ’
: . ‘ Tty .‘.'...-_ ._.‘. {

w,
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Ixercises
1. Uning the equation P - o - 0,06 (€ - 10)  we Lransiale the nxen
. to (-273, 0) ki
Y+ 0= 0.0y (X - 233)
The new units of temperature are deprees €, of pregsure poutwds per ﬂL]yl&]‘(.’
Inch., 'The slope of the line is Lhe same, since this is not ul'l‘v(j&r:xj' Ly
transdation ot the axes. v, \
. 1 ‘ Pl v"" * -
——— . Lo Y =~ 3 = —é (x - tf) . . ' .. . . [,
(u) X = i‘ X
‘
1 .
)Y -5 -5 () . ‘
1 .
() Y=35 (x+2) .
2 - N
~ Compare g . )
; . ) AN
[ 1
) b, (a) Y+E:=L2@x-)
' 3 3 )
- l 7 M -
(b) Y - {—-7 (x + 21)
' 1 : )
() Y-1=-%@x+3)
© . 3 ;
) Compare . . : «
?: v . a . ‘ .
I-AD"‘°l ’ ’
x ) . .
& N
. - ' i v
L3 + -
A8
: . T )
N . LR ' L
Y - A e \
. - v -~ - B
94 R
» :’ N N . L)
’ A
o ) .
' . .

P .

G e S
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hiota Algebralc Translution of Coordindle Axes

This section is purely a mathematical diccusslion of translation ot the
-~ -—gxes. “‘Though we did wri 1:e-t.h;s equations-of the ine representing Charles's
Law at the end of the preceding parsgraph, thias camot always be done as
easily, especially when the grapr; represents curved lines. (See. Chapter 2
and 3 on quadratic Wctions. ) e -

’ The explanations of the algebraic trang‘l,dtion of axes in the student's
text is ‘clear and nceds no elaboration here, You may feel, however, that
more drill similar to Exerclise & wlll be r‘xeefied. All you will need to
provide this drill is to give the class equations of the sort 3x 2 Ay =

-~ and ask them Lo tranulute ‘the origin to various points Ylke the y intercept,

“the point (S, 4) or (0, 6), and so on,

To translate the axes of this \equation to the point (5, 3&') write it

-in the forp : .

" or 3 {
. : y-O:E(x+(-§).

It is now In the point-slope, form and you Jney use equation (2)

. . Y+’(())+ K_.m()\+(-3) r_h) )

‘ vhere h and K .are S and U 1‘espc-rctiNely. This becomes

.o . ' Y~&O+-1;~;“X4(~~;(~).‘.5‘ : L
' » L o2 N R B _
— - . i 3 T . /)
. . PIT TR __3__ 2y -
. . Yo+ b ?_(X * 3 ) ' '
. . _ ' 3
.o S YogX s ,_
Since the p61nt (s, 14). i on the line you would expect to get ‘e‘quga,tioub in
) the _fornl. L ' o . B T
- - | . Y = mX .

If, on the qtller,l%a_.nd,_ yo'u want to irarx‘s'ia'he to the point (5,-4), _'lt, .

[y

"is done in this menner: © . ¢ ‘s _
N T+ (0) + (-4) = %6 ¥ (,.3/_) . .
’ o oo : SN _

) ) - Y- l«l- = %gx +ﬁ8) : - : . .
S S R 'S 'D B oL,
. . ’.' - T 5 R v E . .

. P I Y m X +8 .. R \
TG E hge
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